
��

H;T?DLG:Y�DE:KKBNBD:PBY�A:>:Q�B
F?LH>H<�G?EBG?CGHC�;?AMKEH<GHC

HILBFBA:PBB

<�:��K_f_gh\��?�X��Rbjy_\Z

<� jZ[hl_� jZkkfZljb\Zxlky� h[sb_� Zki_dlu� ijbf_g_gby
h[t_dlgh�hjb_glbjh\Zgghc� l_ogheh]bb� d� ijh]jZffbjh\Zgbx
h^ghf_jguo� b� fgh]hf_jguo� aZ^Zq� g_ebg_cghc� [_amkeh\ghc
hilbfbaZpbb��khklZ\eyxsbo�\Z`g_crb_�jZa^_eu�fZl_fZlbq_kdh]h
ijh]jZffbjh\Zgby��<�j_amevlZl_�ijh\h^bfh]h�h[t_dlgh]h�ZgZebaZ
kljhylky� ^_lZevgu_� h[t_dlgu_� deZkkbnbdZpbb� aZ^Zq� b� f_lh^h\
g_ebg_cghc� hilbfbaZpbb�� dhlhju_� fh]ml� bkihevah\Zlvky� \
dZq_kl\_�l_hj_lbq_kdhc�b�ijZdlbq_kdhc�hkgh\u�^ey�jZaghh[jZaguo
ijh]jZffguo� j_ZebaZpbc�� Ijb\h^ylky� g_dhlhju_� j_amevlZlu
ijh_dlbjh\Zgby� b� jZajZ[hldb� h[t_dlgh�hjb_glbjh\Zgghc
[b[ebhl_db�^ey�j_r_gby�klZg^Zjlguo�hilbfbaZpbhgguo�aZ^Zq�gZ
yaud_� Kb��� k� bkihevah\Zgb_f� ij_^eh`_gguo� deZkkbnbdZpbc�
H[km`^Z_lky� bgkljmf_glZevguc� oZjZdl_j� jZajZ[hlZgghc
[b[ebhl_db�� ^himkdZxs_c� dZd� jZkrbj_gb_� ijh[e_fgh�
f_lh^bq_kdh]h� j_i_jlmZjZ�� lZd� b� _]h� Z^ZilZpbx� d� dhgdj_lguf
ijbdeZ^guf�aZ^ZqZf�

���<\_^_gb_

<� gZklhys__� \j_fy� kms_kl\m_l� jy^� iZd_lh\� ijh]jZff�

ij_^gZagZq_gguo� ^ey� j_r_gby� aZ^Zq� g_ebg_cghc� [_amkeh\ghc

hilbfbaZpbb�� D� qbkem� lZdbo� ijh]jZff� ke_^m_l� hlg_klb�� ij_`^_� \k_]h�

ba\_klgu_� iZd_lu� 0,13$&.� >�@�� 713$&.� >�@�� Z� lZd`_� ijh]jZffu

jZa^_eh\�h^ghf_jghc�fbgbfbaZpbb��[_amkeh\ghc�b�mkeh\ghc�hilbfbaZpbb

\� khklZ\_� mgb\_jkZevguo�fZl_fZlbq_kdbo� [b[ebhl_d� 1$*� >�@�� ,06/� >�@�

;hevrbgkl\h� iZd_lh\� ij_^klZ\ey_l� kh[hc� gZ[hj� klZg^Zjlbah\Zgguo

Z\lhghfguo� ijh]jZffguo� fh^me_c�� gZibkZgguo� gZ� ijhp_^mjgh�

hjb_glbjh\Zgguo� yaudZo�� ]eZ\guf� h[jZahf� gZ� NhjljZg_� b� Kb�� DZd

ijZ\beh�� ijh]jZffu� bkihevamxl� g_kdhevdh� gZb[he__� gZ^_`guo� b

aZj_dhf_g^h\Z\rbo� k_[y� f_lh^h\� j_r_gby� klZg^Zjlguo� aZ^Zq�� LZd�

gZijbf_j�� [b[ebhl_dZ� 1$*� j_Zebam_l� ^\Z� Ze]hjblfZ� h^ghf_jghc

fbgbfbaZpbb� b� ljb� Ze]hjblfZ� fgh]hf_jghc� [_amkeh\ghc� hilbfbaZpbb�

khhl\_lkl\mxsbo�deZkkbq_kdbf�\ZjbZglZf�d\Zabgvxlhgh\kdh]h�f_lh^Z�b

f_lh^Z� khijy`_gguo� ]jZ^b_glh\�� ;ebadb_� Ze]hjblfbq_kdb_� gZ[hju

kh^_j`Zl�b�^jm]b_�mihfygmlu_�iZd_lu�b�[b[ebhl_db�

Ijhp_^mjgu_�fh^meb�iZd_lh\�fh]ml�[ulv�g_ihkj_^kl\_ggh�\dexq_gu

\�ex[mx�Z\lhjkdmx�ijh]jZffm��Ijb�wlhf�ij_^iheZ]Z_lky��qlh�ijbdeZ^gZy



��

aZ^ZqZ�ij_^klZ\bfZ�\�klZg^Zjlghc�nhjf_��f_lh^bdb�iZd_lZ�h[_ki_qb\Zxl

m^h\e_l\hjbl_evgmx� \uqbkebl_evgmx� wnn_dlb\ghklv� gZ� ^Zgghf� deZkk_

aZ^Zq�� Z� jZajZ[hlqbd� bf__l� d\ZebnbdZpbx� fZl_fZlbdZ�ijh]jZffbklZ�

g_h[oh^bfmx�^ey�dhjj_dlgh]h�bkihevah\Zgby�fh^me_c�ijb�ijh]jZffghc

j_ZebaZpbb� kj_^kl\� ihklZgh\db� b� j_r_gby� aZ^Zqb�� H^gZdh� gZ� ijZdlbd_

ih^h[gu_� ^hims_gby� qZklh�g_� hijZ\^Zgu��b� jZajZ[hlqbd� klZedb\Z_lky� k

k_jv_agufb� ljm^ghklyfb�� k\yaZggufb� k� g_h[oh^bfhklvx� Z^ZilZpbb

fh^me_c�d�dhgdj_lguf�ijbdeZ^guf�aZ^ZqZf��dhlhju_�fh]ml�hlebqZlvky�hl

klZg^Zjlguo� b� ihklZgh\dhc�� b� Ze]hjblfZfb� j_r_gby�� Ijhp_^mjgu_

fh^meb� djZcg_� iehoh� ijbkihkh[e_gu� ^ey� g_h[oh^bfuo� fh^bnbdZpbc� b

jZajZ[hlqbdm�g_j_^dh�ijboh^blky�i_j_ijh]jZffbjh\Zlv�bo�aZgh\h�

<Z`gh_� agZq_gb_�\� k\yab� k� wlbf�ijbh[j_lZ_l�ijbf_g_gb_� h[t_dlgh�

hjb_glbjh\Zggh]h� ih^oh^Z� �HHI�� >�@�� h[_ki_qb\Zxs_]h� rbjhdb_

bgkljmf_glZevgu_� \hafh`ghklb� ^ey� jZa\blby� b� khijh\h`^_gby� m`_

kha^Zggh]h� ijh]jZffgh]h� h[_ki_q_gby�� <f_kl_� k� l_f�� ij_bfms_kl\Z

bkihevah\Zgby�HHI�fh]ml�[ulv�^hklb]gmlu�lhevdh�\�j_amevlZl_�]em[hdh]h

h[t_dlgh]h� ZgZebaZ� jZkkfZljb\Z_fhc� ij_^f_lghc� h[eZklb�

ij_^iheZ]Zxs_]h�ihkljh_gb_�g_h[oh^bfuo�h[t_dlguo�deZkkbnbdZpbc��b

lsZl_evgh]h�h[t_dlgh]h�ijh_dlbjh\Zgby��h[_ki_qb\Zxs_]h�ijZdlbq_kdb_

\hafh`ghklb�^ey�wnn_dlb\ghc�ijh]jZffghc�j_ZebaZpbb�

H[t_dlgu_� deZkkbnbdZpbb� ih� kms_kl\m� y\eyxlky� nhjfhc

kbkl_fZlbaZpbb� \u^_e_gguo� ]jmii� h[t_dlh\�� ^ey� dhlhjuo

mklZgZ\eb\Zxlky�g_h[oh^bfu_�hlghr_gby�h[sghklb��H[uqgh�h[t_dlgu_

deZkkbnbdZpbb� ij_^klZ\eyxlky� ^_j_\vyfb� beb� b_jZjobyfb� deZkkh\�

<u[jZggu_�]jmiiu�h[t_dlh\�^he`gu�[ulv�^hklZlhqgh�agZqbfufb��qlh[u

\ujZ`Zlv� gZb[he__� kh^_j`Zl_evgu_� ihgylby� ij_^f_lghc� h[eZklb�� b

^hklZlhqgh� dhgkljmdlb\gufb�� qlh[u� [ulv� ijh]jZffgh� j_Zebam_fufb�

Hj]ZgbaZpby� deZkkh\uo� b_jZjobc� l_kgh� k\yaZgZ� k� \hafh`ghklyfb

g_nhjfZevgh]h�ijbf_g_gby�ba\_klguo�h[t_dlguo�iZjZ^b]f�b�\h�fgh]hf

hij_^_ey_l� dZq_kl\h� h[t_dlgh�hjb_glbjh\Zggh]h� fZl_fZlbq_kdh]h

h[_ki_q_gby�

<� gZklhys_c� jZ[hl_� ij_^klZ\e_gu� g_dhlhju_� j_amevlZlu

ijh_dlbjh\Zgby� b� j_ZebaZpbb� h[t_dlgh�hjb_glbjh\Zgghc� [b[ebhl_db� gZ

yaud_�Kb����ij_^gZagZq_gghc� ^ey� ihklZgh\db� b� j_r_gby� h^ghf_jguo� b

fgh]hf_jguo� aZ^Zq�g_ebg_cghc� [_amkeh\ghc� hilbfbaZpbb�� AZf_lbf�� qlh

l_hj_lbq_kdmx� b� ijZdlbq_kdmx� hkgh\m� [b[ebhl_db� khklZ\eyxl

jZajZ[hlZggu_� ^_lZevgu_� h[t_dlgu_� deZkkbnbdZpbb� aZ^Zq� b� f_lh^h\

hilbfbaZpbb�� dhlhju_� b� y\eyxlky� __� kbkl_fZlbq_kdbf� ij_^klZ\e_gb_f�

Hkh[h_� \gbfZgb_� \� jZ[hl_� m^_ey_lky� ijh[e_f_� kha^Zgby� _^bghc

[b[ebhl_db� deZkkh\�� ^himkdZxs_c� mgbnbpbjh\Zggmx� jZajZ[hldm

ijh]jZff�^ey�ihklZgh\db�jZaebqguo�deZkkh\�hilbfbaZpbhgguo�aZ^Zq�b�bo
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j_r_gby� k� bkihevah\Zgb_f� rbjhdh]h� fgh]hh[jZaby� hilbfbaZpbhgguo

Ze]hjblfh\�

���FZl_fZlbq_kdb_�ihklZgh\db�aZ^Zq�hilbfbaZpbb�b�bo

h[t_dlguc�ZgZeba

>ey� ijh\_^_gby� g_h[oh^bfh]h� h[t_dlgh]h� ZgZebaZ� jZkkfhljbf�

ij_`^_� \k_]h�� fZl_fZlbq_kdb_� ihklZgh\db� aZ^Zq� hilbfbaZpbb� b

ihiulZ_fky� \u^_eblv� gZb[he__� kh^_j`Zl_evgu_� ]jmiiu� h[t_dlh\�

mqZkl\mxsb_�\�gbo��H[uqgh�aZ^Zqb�g_ebg_cghc�[_amkeh\ghc�hilbfbaZpbb

nhjfmebjmxlky� g_kdhevdbfb� kihkh[Zfb� >�±��@�� GZb[he__

jZkijhkljZg_ggZy� ihklZgh\dZ� aZ^Zqb� fbgbfbaZpbb� nmgdpbb� f R Rn: →
khklhbl�\�ihbkd_�lhqdb� x Rn* ∈ �lZdhc��qlh� f x f x( ) ( )* ≤ �^ey�\k_o� x Rn∈ �

>ZggZy�ihklZgh\dZ�y\ey_lky�qZklguf�\ZjbZglhf�[he__�h[s_c�aZ^Zqb

mkeh\ghc�fbgbfbaZpbb�k�h]jZgbq_gbyfb�lbiZ�aZfdgmlhc�k\yaghc�h[eZklb

min :
x D R

n

n
f R R

∈ ⊂
→ �

Ijbgylh� kqblZlv�� qlh� _keb� j_r_gb_� e_`bl� \gmljb� h[eZklb� '�� lh

^Zggmx� aZ^Zqm� ke_^m_l� jZkkfZljb\Zlv� dZd� aZ^Zqm� [_amkeh\ghc

fbgbfbaZpbb�� <� ijhlb\ghf� kemqZ_� j_r_gb_� y\ey_lky� ]jZgbqghc� lhqdhc

h[eZklb�b�fbgbfbaZpby�nmgdpbb�gZ�h[eZklb�klZgh\blky�aZ^Zq_c�mkeh\ghc

hilbfbaZpbb�

IjZdlbq_kdb� \Z`guc� deZkk� aZ^Zq� [_amkeh\ghc� hilbfbaZpbb

khklZ\eyxl� g_ebg_cgu_� aZ^Zqb� h� gZbf_gvrbo� d\Z^jZlZo�� Ihke_^gb_

nhjfmebjmxlky�dZd�aZ^Zqb�fbgbfbaZpbb�nmgdpbhgZeZ�ki_pbZevgh]h�\b^Z
1
2 F x F xT( ) ( ) �� ^ey� dhlhjh]h� aZ^ZgZ� nmgdpby� g_\yadb� F R Rn m: → �� ijbq_f

m n> �

AZf_lbf�� qlh� aZ^Zqb� h^ghf_jghc� hilbfbaZpbb� y\eyxlky� qZklgufb

kemqZyfb� ijb\_^_gguo� \ur_� h[h[s_gguo�nhjfmebjh\hd� ijb� n = 1 � b� bo
fh`gh� [ueh� [u� g_� jZkkfZljb\Zlv� hl^_evgh�� H^gZdh� kms_kl\h\Zgb_

ki_pbZevguo�Ze]hjblfh\�h^ghf_jghc�fbgbfbaZpbb��hjb_glbjh\Zgguo�gZ

^Zgguc�jZaf_jguc�nZdlhj�b�g_�^himkdZxsbo�j_^mdpbb�khhl\_lkl\mxsbo

fgh]hf_jguo� Ze]hjblfbq_kdbo� \ZjbZglh\�� lj_[m_l� hl^_evgh]h� ZgZebaZ

lZdbo�aZ^Zq��dhlhjuc�ijh\h^blky�\�ke_^mxsbo�jZa^_eZo�

Ijb\_^_ggu_� ihklZgh\db� aZ^Zq� hilbfbaZpbb� ij_^iheZ]Zxl�� ij_`^_

\k_]h��gZebqb_�\�ijh_dlbjm_fhc�h[t_dlghc�kbkl_f_�deZkkh\�\_dlhjh\�beb

lhq_d�ijhkljZgkl\Z��h[eZkl_c�ijhkljZgkl\Z��Z�lZd`_�deZkkh\�kdZeyjguo�b

\_dlhjguo� nmgdpbc�� K� mq_lhf� ki_pbnbdb� ihklZgh\db� aZ^Zqb� h

gZbf_gvrbo� d\Z^jZlZo�� Z� lZd`_� \� kbem� hlf_q_gguo� Ze]hjblfbq_kdbo

hlebqbc�ijb�j_r_gbb�h^ghf_jguo�b�fgh]hf_jguo�aZ^Zq�[m^_f�jZaebqZlv

kdZeyjgu_� b� \_dlhjgu_� nmgdpbb� h^ghc� b� g_kdhevdbo� i_j_f_gguo� b



��

bkihevah\Zlv� ^hklZlhqgh� _kl_kl\_ggmx� ^ey� mdZaZggh]h�nmgdpbhgZevgh]h

fgh]hh[jZaby�deZkkbnbdZpbx��bah[jZ`_ggmx�gZ�jbk����

>ZggZy� nmgdpbhgZevgZy� deZkkbnbdZpby� \� hij_^_e_gghc� kl_i_gb

hljZ`Z_l� bf_xs__ky� jZaghh[jZab_� ihklZgh\hd� hilbfbaZpbhgguo� aZ^Zq�

dhlhju_� k\yaZgu� k� hij_^_e_ggufb� lbiZfb� beb� \b^Zfb� nmgdpbc� >��@�

<_jrbghc� b_jZjobb� y\ey_lky� nmgdpbhgZevguc� kmi_jdeZkk� )XQFWLRQ�

nhjfZevgh� h[t_^bgyxsbc� \k_� nmgdpbhgZevgu_� h[t_dlu� b

ki_pbnbpbjmxsbc� f_lh^u� hij_^_e_gby� jZaf_jghkl_c� j_amevlZlZ� b

Zj]mf_glZ�� :[kljZdlgu_� deZkku� 6FDODU)XQFWLRQ� b� 9HFWRU)XQFWLRQ�

gZke_^m_fu_�hl�deZkkZ�)XQFWLRQ��ih^jZa^_eyxl�nmgdpbb�gZ� kdZeyjgu_�b

\_dlhjgu_�\�khhl\_lkl\bb�k�jZaf_jghklvx�\ha\jZsZ_fh]h�bfb�j_amevlZlZ�

;he__� kh^_j`Zl_evgufb� \� fZl_fZlbq_kdhf� hlghr_gbb� y\eyxlky

Z[kljZdlgu_� deZkku� 6FDODU8QL9DULDWH)XQFWLRQ�

6FDODU0XOWL9DULDWH)XQFWLRQ� b� 9HFWRU0XOWL9DULDWH)XQFWLRQ�� >ey� ^Zgguo

deZkkh\� p_e_khh[jZagh� hij_^_eblv� gZ[hj� [Zah\uo� f_lh^h\�� qbklh

\bjlmZevgh� j_Zebamxsbo� hkgh\gu_� hi_jZpbb� qbke_ggh]h� ZgZebaZ� b�

ij_`^_� \k_]h�� hi_jZpbb� \uqbke_gby� agZq_gby� nmgdpbb�� Z� lZd`_� __

ijhba\h^guo�� Lh]^Z� [hevrbgkl\h� hilbfbaZpbhgguo� Ze]hjblfh\�

j_^mpbjm_fuo�d�[Zah\uf�hi_jZpbyf��fh]ml�[ulv�j_Zebah\Zgu�dZd�f_lh^u

^Zgguo� Z[kljZdlguo� deZkkh\�� Ijbq_f� dhgdj_lbaZpby� nmgdpbhgZevguo

h[t_dlh\�� \� dhg_qghf� blh]_� \ujZ`ZxsZyky� \� j_ZebaZpbb� \k_o� [Zah\uo

f_lh^h\��^_eZ_l�\hafh`guf�ijbf_g_gb_�\k_]h�f_lh^bq_kdh]h�j_i_jlmZjZ

^Zgguo�Z[kljZdlguo�deZkkh\�dh�\k_f�gZke_^m_fuf�qZklguf�h[t_dlZf�

<� ^Zevg_cr_f� [m^_f� kqblZlv�� qlh� deZkk� kdZeyjguo�nmgdpbc� h^ghc

i_j_f_gghc� 6FDODU8QL9DULDWH)XQFWLRQ� hij_^_ey_l� f_lh^u�� dhlhju_

j_Zebamxl� ke_^mxsb_� [Zah\u_� hi_jZpbb� b� ijhp_^mju� gZ^

nmgdpbhgZevgufb�h[t_dlZfb� f R R: → �

²��\uqbke_gb_�agZq_gby�nmgdpbb�\�aZ^Zgghc�lhqd_� f x( ) �

²��\uqbke_gb_�i_j\hc�b�\lhjhc�ijhba\h^ghc� ′f x( ) �� ′′f x( ) �\�aZ^Zgghc

lhqd_�

••���)XQFWLRQ
••����6FDODU)XQFWLRQ

••����6FDODU8QL9DULDWH)XQFWLRQ
••����5HGXFWLRQ)XQFWLRQ

••����6FDODU0XOWL9DULDWH)XQFWLRQ
••����1RQOLQHDU4XDGUDWLF)XQFWLRQ

••����4XDGUDWLF)XQFWLRQ
••����9HFWRU)XQFWLRQ

••����9HFWRU8QL9DULDWH)XQFWLRQ
••����9HFWRU0XOWL9DULDWH)XQFWLRQ

••����/LQHDU)XQFWLRQ
Jbk�����H[t_dlgZy�deZkkbnbdZpby�fZl_fZlbq_kdbo�nmgdpbc
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²��ehdZebaZpby�b�gZoh`^_gb_�gme_c�nmgdpbb�gZ�aZ^Zgghf�bgl_j\Ze_

f x( ) = 0 �� x a b∈[ , ] �

²��ehdZebaZpby� b� gZoh`^_gb_� wdklj_fmfh\� nmgdpbb� gZ� aZ^Zgghf

bgl_j\Ze_� min :
[ , ]x a b

f R R
∈

→ �

K� deZkkhf� kdZeyjguo� nmgdpbc� fgh]bo� i_j_f_gguo

6FDODU0XOWL9DULDWH)XQFWLRQ� [m^_f� k\yau\Zlv� f_lh^u�� j_Zebamxsb_

ijhp_^mju�

²��\uqbke_gb_�agZq_gby�nmgdpbb�\�aZ^Zgghc�lhqd_� f x( ) �

²��\uqbke_gb_� ]jZ^b_glZ� b� ]_kkbZgZ� nmgdpbb� \� aZ^Zgghc� lhqd_

∇f x( ) ��∇2 f x( ) �

²��hilbfbaZpby�nmgdpbhgZeZ�gZ�aZ^Zgghc�h[eZklb� min :
x D R

n

n
f R R

∈ ⊂
→ �

<� nmgdpbhgZevghc� b_jZjobb� hij_^_e_g� lZd`_� dhgdj_lguc� deZkk

5HGXFWLRQ)XQFWLRQ�� gZke_^m_fuc� hl� deZkkZ� 6FDODU8QL9DULDWH)XQFWLRQ�

>Zgguc� deZkk� ij_^gZagZq_g� ^ey� ij_h[jZah\Zgby� fgh]hf_jgh]h

nmgdpbhgZeZ� f x R Rn( ): → �\�nmgdpbx�h^ghc�i_j_f_gghc� g f x d( ) ( )α α= + ��\

dhlhjhc� i_j_f_ggZy� α � hij_^_ey_l� ^ebgm�rZ]Z� \� aZ^Zgghf� gZijZ\e_gbb

d Rn∈ � hl� aZ^Zgghc� lhqdb� x Rn∈ �� Bkihevah\Zgb_� ^Zggh]h� deZkkZ

kms_kl\_ggh� mijhsZ_l� j_ZebaZpbx� fgh]bo� fgh]hf_jguo� Ze]hjblfh\�

h[km`^Z_fuo� \� ^Zevg_crbo� jZa^_eZo�� DeZkk� 5HGXFWLRQ)XQFWLRQ

hij_^_ey_l� g_h[oh^bfu_� f_lh^u� ^ey� mklZgh\db� nbdkbjh\Zggh]h

gZijZ\e_gby� d � b� hij_^_e_gby� gZqZevghc� lhqdb� x �� Z� lZd`_

g_ihkj_^kl\_ggh�j_Zebam_l�\k_�[Zah\u_�f_lh^u�jh^bl_evkdh]h�deZkkZ�

GZdhg_p�� ^ey� deZkkZ� \_dlhjguo� nmgdpbc� fgh]bo� i_j_f_gguo

9HFWRU0XOWL9DULDWH)XQFWLRQ� hij_^_ebf� f_lh^u�� dhlhju_� j_Zebamxl

hi_jZpbb� b� ijhp_^mju� gZ^� nmgdpbhgZevgufb� h[t_dlZfb� F R Rn m: → �� Z

bf_ggh�

²��\uqbke_gb_�agZq_gby�hlh[jZ`_gby� F x( ) �

²��\uqbke_gb_� ydh[bZgZ� b� \lhjhc� ijhba\h^ghc� hlh[jZ`_gby� ′F x( ) �

′′F x( ) �

²��j_r_gb_� kbkl_fu� mjZ\g_gbc� F x( ) = 0 �� hij_^_ey_fhc� ^Zgguf

hlh[jZ`_gb_f�

Ijb\_^_gguc� gZ[hj� [Zah\uo� f_lh^h\� \uqbke_gby� nmgdpbc� b� bo

ijhba\h^guo� iha\hey_l� j_Zebah\Zlv� [hevrbgkl\h� ba\_klguo

\uqbkebl_evguo� hilbfbaZpbhgguo� Ze]hjblfh\� \� \b^_� f_lh^h\

jZkkfZljb\Z_fuo� deZkkh\� nmgdpbhgZevguo� hlh[jZ`_gbc�� <f_kl_� k� l_f�

dhgdj_lbaZpby� nmgdpbhgZevguo� deZkkh\� b� k\yaZggZy� k� g_c� \hafh`gZy

ki_pbZebaZpby� qbke_gguo� ih^oh^h\� ^_eZxl� p_e_khh[jZagufb

jZkkfhlj_gb_� b� \\_^_gb_� \�nmgdpbhgZevgmx� b_jZjobx� qZklguo� deZkkh\

1RQOLQHDU4XDGUDWLF)XQFWLRQ� b� 4XDGUDWLF)XQFWLRQ�� >Zggu_� deZkku

khhl\_lkl\mxl� ki_pbZevguf� \b^Zf�nmgdpbc�� mqZkl\mxsbo� \� ihklZgh\d_



��

aZ^Zq� h� gZbf_gvrbo� d\Z^jZlZo��Djhf_� lh]h�� \� b_jZjobx� \\h^blky� deZkk

/LQHDU)XQFWLRQ�� ij_^klZ\eyxsbc� ih^fgh`_kl\h� ebg_cguo� \_dlhjguo

nmgdpbc�

LZd� deZkk� 1RQOLQHDU4XDGUDWLF)XQFWLRQ� hij_^_ey_l� fgh`_kl\h

g_ebg_cguo� d\Z^jZlbqguo� nmgdpbc� \b^Z� 1
2 F x F xT( ) ( ) �� F R Rn m: → �� deZkk

4XDGUDWLF)XQFWLRQ� ²� fgh`_kl\h� d\Z^jZlbqguo� nmgdpbc� \b^Z
1
2 x Ax b x cT T+ + �� ]^_� A L Rn∈ ( ) �� b�� gZdhg_p�� deZkk� /LQHDU)XQFWLRQ� ²

fgh`_kl\h�\_dlhjguo�nmgdpbc� F x Ax b( ) ≡ + ��khhl\_lkl\mxsbo�ebg_cguf

hi_jZlhjZf� A L R Rn m∈ ( , ) �� Ijb� wlhf� deZkk� d\Z^jZlbqguo� nmgdpbc� fu

jZkkfZljb\Z_f�dZd�qZklguc�ijhba\h^guc�deZkk�g_ebg_cguo�d\Z^jZlbqguo

nmgdpbc�� ^ey� dhlhjh]h� nmgdpby� g_\yadb� ij_^klZ\ey_lky� ebg_cguf

hi_jZlhjhf�� Ohly� \� wlhf� kemqZ_� \hagbdZ_l� g_h[oh^bfhklv� ih^^_j`db

khhl\_lkl\by� g_ebg_cguo� b� ebg_cguo� nmgdpbhgZevguo� dhfihg_gl� gZ

ijh]jZffghf�mjh\g_��lZdhc�kihkh[�deZkkh\hc�hj]ZgbaZpbb�\u]ey^bl�[he__

ijb\e_dZl_evguf� k� lhqdb� aj_gby� eh]bq_kdhc� p_ehklghklb� \k_c

nmgdpbhgZevghc�kbkl_fu�

Ijb\_^_ggZy� nmgdpbhgZevgZy� b_jZjoby� ijh^he`Z_lky� dhgdj_lgufb

deZkkZfb�� dhlhju_� h[jZamxl� kZfhklhyl_evgu_�ih^b_jZjobb� jh^kl\_gguo

nmgdpbhgZevguo� h[t_dlh\� b� l_f� kZfuf� hij_^_eyxl� \hafh`gh_

fgh]hh[jZab_� ihklZgh\hd� aZ^Zq�� k\yaZgguo� k� dhgdj_lgufb� lbiZfb� beb

\b^Zfb� hilbfbabjm_fuo�nmgdpbhgZeh\��<� dhgdj_lguo�nmgdpbhgZevguo

deZkkZo� g_h[oh^bfh� j_Zebah\Zlv� ebrv� f_lh^u� \uqbke_gby� kZfbo

hlh[jZ`_gbc� b� bo� ijhba\h^guo�� AZf_lbf�� qlh� f_lh^u� \uqbke_gby

ijhba\h^guo�^himkdZxl�dhgdj_lgmx�j_ZebaZpbx�b�gZ�Z[kljZdlghf�mjh\g_

\� \b^_� ijhp_^mj� qbke_ggh]h� ^bnn_j_gpbjh\Zgby�� L_f� g_� f_g__�� ijb

gZebqbb� ^ey� ijhba\h^guo� g_keh`guo� y\guo� ZgZeblbq_kdbo� \ujZ`_gbc

p_e_khh[jZagh� i_j_hij_^_eblv� ^Zggu_� f_lh^u� \� dhgdj_lguo� deZkkZo� k

p_evx�ih\ur_gby�lhqghklb�b�gZ^_`ghklb�ijbf_gy_fuo�\uqbkebl_evguo

Ze]hjblfh\�

<k_�\uqbkebl_evgu_�ijhp_^mju��aZ�bkdexq_gb_f�[Zah\uo�hi_jZpbc�

j_Zebamxlky� dZd� f_lh^u� Z[kljZdlguo� nmgdpbhgZevguo� deZkkh\�� L_f� g_

f_g__�� hnhjfe_gb_� \� \b^_� \bjlmZevguo� nmgdpbc� iha\hey_l

i_j_hij_^_eblv� bo� ijb� g_h[oh^bfhklb� \� qZklguo� deZkkZo�� \hafh`gh�

[he__� wnn_dlb\guf� h[jZahf�� LZdmx� \hafh`ghklv� fu� bkihevam_f� ijb

j_ZebaZpbb� Ze]hjblfh\� j_r_gby� ebg_cguo� b� g_ebg_cguo� aZ^Zq� h

gZbf_gvrbo�d\Z^jZlZo��<�wlhf�kemqZ_�^ey�j_r_gby�aZ^Zq�^Zggh]h�deZkkZ

fh]ml�ijbf_gylvky�dZd�h[sb_�hilbfbaZpbhggu_�Ze]hjblfu��j_Zebam_fu_

f_lh^Zfb� deZkkZ� 6FDODU0XOWL9DULDWH)XQFWLRQ�� lZd� b� ki_pbZevgu_

Ze]hjblfu�� hjb_glbjh\Zggu_� gZ� hkh[_gghklb� d\Z^jZlbqgh]h

ij_^klZ\e_gby� b� j_Zebam_fu_� f_lh^Zfb� deZkkh\

1RQOLQHDU4XDGUDWLF)XQFWLRQ��4XDGUDWLF)XQFWLRQ�
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>ey� iheghlu� h[t_dlghc� kbkl_fu� g_h[oh^bfh� \\_klb� lZd`_� deZkk

\_dlhjh\� beb� lhq_d� ijhkljZgkl\Z� 9HFWRU�� deZkk� h[eZkl_c� ijhkljZgkl\Z

'RPDLQ�� dhlhju_� g_ihkj_^kl\_ggh� mqZkl\mxl� \� ihklZgh\dZo� aZ^Zq

hilbfbaZpbb�� Djhf_� lh]h�� ^ey� ij_^klZ\e_gby� h[t_dlh\�� y\eyxsboky

j_amevlZlZfb� \uqbke_gby� ]_kkbZgZ� beb� ydh[bZgZ� nmgdpbhgZevguo

hlh[jZ`_gbc� g_h[oh^bf� lZd`_� fZljbqguc� deZkk� 0DWUL[�� <hijhku

hj]ZgbaZpbb� \_dlhjguo� b� fZljbqguo� deZkkh\�� ij_^gZagZq_gguo� ^ey

j_r_gby�aZ^Zq�ebg_cghc�Ze]_[ju��^hklZlhqgh�ohjhrh�ijhjZ[hlZgu�>��@�

A^_kv� `_� i_j_qbkebf� ij_^iheZ]Z_fu_� f_lh^u� deZkkZ� 'RPDLQ�

dhlhju_�j_Zebamxl�ke_^mxsb_�ijhp_^mju�

²��hij_^_e_gb_�ijbgZ^e_`ghklb�lhqdb�aZ^Zgghc�h[eZklb� x D∈ �

²��\u[hj�ijhba\hevghc�lhqdb�h[eZklb� x Rn∈ �

²��hij_^_e_gb_�ijbgZ^e_`ghklb�h[eZklb�aZ^Zgghc�h[eZklb�D D1 2⊂ �

²��l_hj_lbdh�fgh`_kl\_ggu_� hi_jZpbb� h[t_^bg_gby�� i_j_k_q_gby� b

\uqblZgby�h[eZkl_c�

LZdbf� h[jZahf�� \u^_e_gu� deZkku� h[t_dlh\�� mqZkl\mxsbo� \

jZaebqguo� ihklZgh\dZo� g_ebg_cguo� hilbfbaZpbhgguo� aZ^Zq��Hkgh\gmx

qZklv� h[t_dlghc� kbkl_fu� khklZ\eyxl� nmgdpbhgZevgu_� deZkku�

ij_^klZ\ey_fu_�_^bghc�fgh]hmjh\g_\hc�deZkkh\hc�b_jZjob_c��B_jZjoby�\

hij_^_e_gghc� f_j_� hljZ`Z_l� keh`b\rmxky� deZkkbnbdZpbx� aZ^Zq

hilbfbaZpbb� b� fh`_l� bkihevah\Zlvky� \� dZq_kl\_� dhgkljmdlb\ghc

h[t_dlghc� hkgh\u� ^ey� jZaghh[jZaguo� ijh]jZffguo� j_ZebaZpbc

fZl_fZlbq_kdh]h�h[_ki_q_gby�h[km`^Z_fhc�gZijZ\e_gghklb�

���H[t_dlgZy�bgl_jij_lZpby�f_lh^h\�hilbfbaZpbb

DZd� mdZau\Zehkv� \ur_�� ijb� kha^Zgbb� \uqbkebl_evguo� ijbeh`_gbc

\Z`gh�� qlh[u� bkihevam_fh_� fZl_fZlbq_kdh_� h[_ki_q_gb_� ij_^hklZ\eyeh

bgkljmf_glZevgu_�\hafh`ghklb�^ey�^Zevg_cr_]h�jZa\blby�ijh]jZffguo

kj_^kl\�� ij_^gZagZq_gguo� dZd� ^ey� ihklZgh\db�� lZd� b� ^ey� j_r_gby

hilbfbaZpbhgguo�aZ^Zq��<�k\yab�k�wlbf�bgl_j_k�ij_^klZ\ey_l�hj]ZgbaZpby

h[t_dlgh�hjb_glbjh\Zggh]h� fZl_fZlbq_kdh]h� h[_ki_q_gby�� dhlhjh_

^himkdZeh� [u� j_ZebaZpbx� jZaebqguo� hilbfbaZpbhgguo� f_lh^h\� gZ

_^bghc� bgkljmf_glZevghc� hkgh\_�� Ke_^my� ih^oh^m�� ij_^eh`_gghfm� \

jZ[hl_� >��@�� [m^_f� jZkkfZljb\Zlv� kZfb� \uqbkebl_evgu_� f_lh^u� b

Ze]hjblfu� \� dZq_kl\_� h[t_dlh\� b� ihiulZ_fky� ihkljhblv� _^bgmx

h[t_dlgmx� deZkkbnbdZpbx� hilbfbaZpbhgguo� Ze]hjblfh\� \� \b^_

p_ehklghc�b_jZjobb�gZke_^m_fuo�Ze]hjblfbq_kdbo�deZkkh\�

<� hij_^_e_gghf� kfuke_� ihkljh_gb_� ih^h[ghc� b_jZjobb� fh`_l

ke_^h\Zlv�baeh`_gbx�ijh[e_f�hilbfbaZpbb�\�ba\_klguo�fhgh]jZnbyo�>�±

��@��Ijbq_f�eh]bq_kdZy�hj]ZgbaZpby�deZkkh\hc�b_jZjobb�fh`_l�hljZ`Zlv

beb� ih\lhjylv� f_lh^heh]bq_kdb_� ihkljh_gby�� bkihevam_fu_� kZfhc
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l_hjb_c� hilbfbaZpbb�� H[_ki_q_gb_� eh]bq_kdhc� p_ehklghklb� y\ey_lky

^hklZlhqgh� \Z`guf� ^ey� ijZ\bevgh]h� \hkijbylby� ihevah\Zl_eyfb

hkgh\guo� Ze]hjblfbq_kdbo� b� ijh]jZffguo� \hafh`ghkl_c

jZajZ[Zlu\Z_fhc� [b[ebhl_db� deZkkh\�� >jm]bf� kms_kl\_gguf� Zki_dlhf

ih^h[gh]h� ijh_dlbjh\Zgby� y\ey_lky� h[_ki_q_gb_� g_nhjfZevgh]h

ijbf_g_gby� h[t_dlghc�iZjZ^b]fu��qlh�� \� dhg_qghf� kq_l_�� mijhklbeh� [u

ijh]jZffgmx� j_ZebaZpbx� kZfhc� [b[ebhl_db� b� h[_ki_qbeh� [u

g_h[oh^bfu_�bgkljmf_glZevgu_�\hafh`ghklb�^ey�__�jZa\blby�

:e]hjblfu� g_ebg_cghc� hilbfbaZpbb� ih� k\h_c� ijbjh^_� y\eyxlky

Ze]hjblfZfb� bl_jZpbhggh]h� oZjZdl_jZ��Ihwlhfm� bf__l� kfuke� ihkljhblv

kmi_jdeZkk�bl_jZpbhgguo�Ze]hjblfh\� ,WHUDWLYH$OJRULWKP��hij_^_eyxsbc

hkgh\gu_� Ze]hjblfbq_kdb_� dhfihg_glu� hj]ZgbaZpbb� h[h[s_ggh]h

bl_jZpbhggh]h� \uqbkebl_evgh]h� ijhp_kkZ� b� y\eyxsbcky� jh^bl_evkdbf

^ey� \k_o� deZkkh\� hilbfbaZpbhgguo� Ze]hjblfh\�� <hafh`gZy� j_ZebaZpby

lZdh]h� deZkkZ�� ki_pbnbpbjmxs_]h� hkgh\gu_� wlZiu� hj]ZgbaZpbb

bl_jZpbhggh]h� \uqbkebl_evgh]h� ijhp_kkZ� b� ij_^hklZ\eyxs_]h

g_h[oh^bfu_� kj_^kl\Z� hi_jbjh\Zgby� k� lhqghklvx� \uqbke_gbc� b

\uqbkebl_evgufb�j_kmjkZfb��hibkZgZ�\�jZ[hl_�>��@�

Hij_^_ebf� lZd`_� deZkk� 2SWLPL]DWLRQ$OJRULWKP�� nhjfZevgh

h[t_^bgyxsbc� \k_� deZkku� hilbfbaZpbhgguo� Ze]hjblfh\�� b� deZkku

2SWLPL]DWLRQ8QL9DULDWH$OJRULWKP�� 2SWLPL]DWLRQ0XOWL9DULDWH$OJRULWKP�

ih^jZa^_eyxsb_� \k_� Ze]hjblfu� gZ� h^ghf_jgu_� b� fgh]hf_jgu_�

HibkZggZy� hj]ZgbaZpby� Ze]hjblfbq_kdbo� deZkkh\� \� \b^_� b_jZjobb

gZke_^m_fuo�deZkkh\�bah[jZ`_gZ�gZ�jbk����

Ijbgylh_� ^_e_gb_� y\ey_lky� ijbgpbibZevguf� \� kbem� aZf_qZgbc

k^_eZgguo�\ur_��g_kfhljy�gZ�lh��qlh�fgh]hf_jgu_�Ze]hjblfu�fh]ml�[ulv

bkihevah\Zgu� b� ijb� j_r_gbb� h^ghf_jguo� aZ^Zq�� Z� qZklh� y\eyxlky

ijhklufb� h[h[s_gbyfb� h^ghf_jguo� \ZjbZglh\��<� h[s_f�`_� kemqZ_� wlh

g_\_jgh�� ihkdhevdm� g_� \k_� fgh]hf_jgu_� Ze]hjblfu� Z\lhfZlbq_kdb

j_^mpbjmxlky�d�h^ghf_jguf�

<u^_e_gb_�kZfhklhyl_evgh]h�deZkkZ�2SWLPL]DWLRQ$OJRULWKP�k\yaZgh�k

g_h[oh^bfhklvx� hij_^_e_gby� ^hihegbl_evguo� ^Zgguo� b� f_lh^h\� ^ey

hi_jbjh\Zgby� k� lhqghklvx� \uqbke_gbc�� >ey� hilbfbaZpbhgguo� aZ^Zq�

gZjy^m� k�hp_gdhc� lhqghklb� kZfh]h� j_r_gby� x* �� \Z`guf� y\ey_lky� ZgZeba

lhqghklb� \uiheg_gby� nmgdpbhgZevgh]h� mkeh\by� wdklj_fmfZ� ∇ =f x( )* 0 �

••����,WHUDWLYH$OJRULWKP
••����2SWLPL]DWLRQ$OJRULWKP

••����2SWLPL]DWLRQ8QL9DULDWH$OJRULWKP
••����2SWLPL]DWLRQ0XOWL9DULDWH$OJRULWKP
••����1RQOLQHDU4XDGUDWLF2SWLPL]DWLRQ$OJRULWKP

Jbk�����H[t_dlgZy�deZkkbnbdZpby�f_lh^h\�hilbfbaZpbb
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Ihwlhfm� deZkkhf� bgdZikmebjmxlky� ^hihegbl_evgu_� ^Zggu_�

khhl\_lkl\mxsb_�aZ^Zgghc�b�^hklb]gmlhc�lhqghklb�^ey�nmgdpbhgZevgh]h

mkeh\by�� Z� lZd`_� hij_^_eyxlky� g_h[oh^bfu_� f_lh^u� hi_jbjh\Zgby� k

gbfb�� >Zggmx� hj]ZgbaZpbx� Ze]hjblfbq_kdh]h� deZkkZ� ke_^m_l� ijbagZlv

^hklZlhqgh�h[s_c��ihkdhevdm�ih^h[guc�ZgZeba�lhqghklb�hkms_kl\ey_lky

dZd�^ey�h^ghf_jguo��lZd�b�fgh]hf_jguo�aZ^Zq�hilbfbaZpbb�

DeZkk� Ze]hjblfh\� h^ghf_jghc� hilbfbaZpbb

2SWLPL]DWLRQ8QL9DULDWH$OJRULWKP�g_ihkj_^kl\_ggh�gZke_^m_lky�hl�deZkkZ

hilbfbaZpbhgguo� Ze]hjblfh\�� >hihegbl_evgufb� qe_gZfb� deZkkZ

y\eyxlky�ke_^mxsb_�

²��kkuedZ� gZ� hilbfbabjm_fmx� nmgdpbx� f x( ) � deZkkZ

6FDODU8QL9DULDWH)XQFWLRQ�

²��kkuedZ�gZ�bgl_j\Ze�ihbkdZ�wdklj_fmfZ�[ , ]a b �

²��gZqZevgh_�ijb[eb`_gb_� x0 ��l_dms__�b�ij_^u^ms__�ijb[eb`_ggu_

j_r_gby� x k +1 �� x k �

<� ^Zgghf� deZkk_� g_ihkj_^kl\_ggh� j_Zebamxlky� f_lh^u� ZgZebaZ

koh^bfhklb�bl_jZpbc�b�f_lh^u�hp_gdb�lhqghklb�ijb[eb`_ggh]h�j_r_gby�

>ey� hp_gdb� lhqghklb� bkihevamxlky� ijbgylu_� ghjfbjh\Zggu_� djbl_jbb

hlghkbl_evghc�lhqghklb�^ey�ijb[eb`_ggh]h�j_r_gby�b�nmgdpbhgZevgh]h

mkeh\by�wdklj_fmfZ

{ }
x x

x x

k k

k

+

+

−
<

1

1 1
max typ ,

τ �������b�������
′ <

+

+
+f x

f x
x

k

k
k( )

( )

1

1
1

2τ �

<� deZkk_� hij_^_e_gu� lZd`_� \bjlmZevgu_� f_lh^u�� iha\heyxsb_

ijbf_gblv� lj_[m_fuc� Ze]hjblf� d� hilbfbabjm_fhc� nmgdpbb�� Z� lZd`_

f_lh^u�� hkms_kl\eyxsb_� j_^mdpbx� aZ^Zqb� hilbfbaZpbb� d� ihbkdm

fbgbfmfZ� beb�fZdkbfmfZ��<� dZq_kl\_� iZjZf_ljh\�f_lh^h\� mdZau\Zxlky

hilbfbabjm_fuc�nmgdpbhgZevguc�h[t_dl��bgl_j\Ze�ihbkdZ�wdklj_fmfZ�b

\hafh`gh_�gZqZevgh_�ijb[eb`_gb_�

:gZeh]bqguf� h[jZahf� kljhblky� deZkk� Ze]hjblfh\� fgh]hf_jghc

hilbfbaZpbb�2SWLPL]DWLRQ0XOWL9DULDWH$OJRULWKP��gZke_^m_fuc�hl�deZkkZ

hilbfbaZpbhgguo�Ze]hjblfh\�

Qe_gZfb�deZkkZ�2SWLPL]DWLRQ0XOWL9DULDWH$OJRULWKP�y\eyxlky�

²��kkuedZ� gZ� hilbfbabjm_fuc� nmgdpbhgZe� f x( ) � deZkkZ

6FDODU0XOWL9DULDWH)XQFWLRQ�

²��kkuedZ�gZ�h[eZklv�ihbkdZ�wdklj_fmfZ�D �deZkkZ�'RPDLQ�

²��gZqZevgh_� ijb[eb`_gb_� x0 �� l_dmsbc� b� ij_^u^msbc� \_dlhj

ijb[eb`_ggh]h�j_r_gby� x k +1 �� x k �deZkkZ�9HFWRU�

²��kkuedZ� gZ� khhl\_lkl\mxsbc� h^ghf_jguc� Ze]hjblf� deZkkZ

2SWLPL]DWLRQ8QL9DULDWH$OJRULWKP�



��

Ihke_^gyy�kkuedZ�g_h[oh^bfZ�^ey�j_ZebaZpbb�[hevrbgkl\Z�f_lh^h\

fgh]hf_jghc� hilbfbaZpbb�� j_^mpbjm_fuo� d� ihke_^h\Zl_evghklb

h^ghf_jguo�aZ^Zq�b�bkihevamxsbo�h^ghf_jgmx�fbgbfbaZpbx�\�dZq_kl\_

\kihfh]Zl_evghc�ijhp_^mju��GZijbf_j��\�]eh[Zevgh�koh^ysboky�f_lh^Zo

ebg_cgh]h�ihbkdZ�h^ghf_jgZy�fbgbfbaZpby�bkihevam_lky�^ey�\uqbke_gby

hilbfZevghc� ^ebgu� rZ]Z� \^hev� \u[jZggh]h� gZijZ\e_gby�� \

j_eZdkZpbhgguo�f_lh^Zo�²�^ey�hilbfbaZpbb�nmgdpbhgZeZ�hlghkbl_evgh

l_dms_c�dhfihg_glu�ijb[eb`_ggh]h�j_r_gby�b�l�i�

<�deZkk_�j_Zebamxlky�f_lh^u�ZgZebaZ�koh^bfhklb�bl_jZpbc�b�f_lh^u

hp_gdb�lhqghklb�ijb[eb`_ggh]h�j_r_gby�gZ�hkgh\_�djbl_jb_\��ih^h[guo

h^ghf_jguf�mkeh\byf
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τ �

AZf_lbf�� qlh� gZ� ijZdlbd_� qZklh� bkihevamxlky� b� ^jm]b_� djbl_jbb

hklZgh\db� bl_jZpbc�� <� ex[hf� kemqZ_�� ^Zgguc� deZkk� ^himkdZ_l

\hafh`ghklv� i_j_hij_^_e_gby� \bjlmZevguo� f_lh^h\� \� gZke_^m_fuo

Ze]hjblfbq_kdbo�deZkkZo�

GZdhg_p�� deZkk� 2SWLPL]DWLRQ0XOWL9DULDWH$OJRULWKP� ki_pbnbpbjm_l

f_lh^��j_Zebamxsbc�kZfm�ijhp_^mjm�hilbfbaZpbb��<�dZq_kl\_�iZjZf_ljh\

f_lh^Z� mdZau\Zxlky� hilbfbabjm_fuc� nmgdpbhgZe�� h[eZklv� ihbkdZ�� Z

lZd`_�\hafh`gh_�gZqZevgh_�ijb[eb`_gb_�b�\kihfh]Zl_evguc�h^ghf_jguc

Ze]hjblf�

:gZeh]bqguf� h[jZahf� kljhblky� deZkk

1RQOLQHDU4XDGUDWLF2SWLPL]DWLRQ$OJRULWKP��hjb_glbjh\Zgguc�gZ�j_r_gb_

aZ^Zq�g_ebg_cghc�d\Z^jZlbqghc�hilbfbaZpbb��=eZ\guf�hlebqb_f�^Zggh]h

Z[kljZdlgh]h� f_lh^Z� y\ey_lky� gZebqb_� kkuedb� g_� gZ� ijhba\hevguc

hilbfbabjm_fuc� nmgdpbhgZe� deZkkZ� 6FDODU0XOWL9DULDWH)XQFWLRQ�� Z� gZ

g_ebg_cguc� d\Z^jZlbqguc� nmgdpbhgZe� deZkkZ

1RQOLQHDU4XDGUDWLF)XQFWLRQ��>Zggh_� aZf_qZgb_� kms_kl\_ggh�� ihkdhevdm

ijb� j_ZebaZpbb� Ze]hjblfh\� ^Zggh]h� deZkkZ� gZjy^m� k� ^hklmihf� d� h[sbf

f_lh^Zf� nmgdpbhgZevgh]h� deZkkZ� g_h[oh^bf� y\guc� ^hklmi� d� f_lh^Zf

khhl\_lkl\mxs_c� \_dlhjghc� dhfihg_glu� d\Z^jZlbqgh]h� nmgdpbhgZeZ�

HklZevgu_�^Zggu_�b�f_lh^u�bf_xl�ZgZeh]bqgh_�ij_^gZagZq_gb_�

LZdbf�h[jZahf��hibkZgu�Z[kljZdlgu_�deZkku�Ze]hjblfh\�h^ghf_jghc

b� fgh]hf_jghc� hilbfbaZpbb�� DeZkku� gZke_^mxl� ^Zggu_� b� f_lh^u

jh^bl_evkdbo� deZkkh\� ,WHUDWLYH$OJRULWKP�� 2SWLPL]DWLRQ$OJRULWKP�

hij_^_eyxsb_� b� qZklbqgh� j_Zebamxsb_� hkgh\gu_� wlZiu� h[h[s_ggh]h

bl_jZpbhggh]h� ijhp_kkZ� hilbfbaZpbhggh]h� Ze]hjblfZ�� Ijb� wlhf

agZqbl_evgZy� qZklv� f_lh^h\�� k\yaZggZy� k� hj]ZgbaZpb_c� \k_]h

\uqbkebl_evgh]h� ijhp_kkZ�� hp_gdhc� b� dhgljhe_f� lhqghklb�� ZgZebahf



��

koh^bfhklb� bl_jZpbhggh]h� Ze]hjblfZ�� dhgljhe_f� \uqbkebl_evguo

j_kmjkh\�� g_ihkj_^kl\_ggh� j_Zebam_lky� m`_� \� Z[kljZdlguo� deZkkZo�

HklZevgZy� qZklv� f_lh^h\� hij_^_ey_lky� qbklh� \bjlmZevgh� b� gm`^Z_lky� \

dhgdj_lghc� j_ZebaZpbb� \�gZke_^m_fuo� Ze]hjblfbq_kdbo� deZkkZo��D� wlhc

qZklb�f_lh^h\�hlghkylky��ij_`^_�\k_]h��f_lh^�\uqbke_gby�kZfhc�bl_jZpbb

b� f_lh^u� keh`ghklghc� hp_gdb� \uqbkebl_evguo� j_kmjkh\�� k\yaZggu_� k

dhgdj_lgufb�hilbfbaZpbhggufb�Ze]hjblfZfb�

���H[t_dlgZy�deZkkbnbdZpby�f_lh^h\�h^ghf_jghc

hilbfbaZpbb

H[km^bf�\hijhku�ihkljh_gby�h[t_dlghc�deZkkbnbdZpbb�h^ghf_jguo

hilbfbaZpbhgguo� Ze]hjblfh\� \� \b^_� p_ehklghc� b_jZjobb� gZke_^m_fuo

deZkkh\� �jbk������ :e]hjblfu� h^ghf_jghc� hilbfbaZpbb� ih� p_eb

ijbf_g_gby�b�ih� kihkh[m�hj]ZgbaZpbb�\uqbke_gbc�mkeh\gh�jZa^_ebf�gZ

ke_^mxsb_�ljb�]jmiiu�

²��Ze]hjblfu�mlhqg_gby�ijb[eb`_gghc�lhqdb�wdklj_fmfZ�

²��Ze]hjblfu�km`_gby�bgl_j\ZeZ��gZ�dhlhjhf�hkms_kl\ey_lky�ihbkd

hilbfmfZ�

²��Ze]hjblfu�wdhghfbqgh]h�ihbkdZ�

I_j\u_� ^\_� ]jmiiu� hljZ`Zxl� \hafh`gu_� kihkh[u� hj]ZgbaZpbb

bl_jZpbc��Ihke_^gyy�]jmiiZ�Ze]hjblfh\�ij_^gZagZq_gZ�]eZ\guf�h[jZahf

^ey�bkihevah\Zgby�\�fgh]hf_jguo�Ze]hjblfZo�ebg_cgh]h�ihbkdZ�b�bf__l

p_evx� g_� gZoh`^_gb_� wdklj_fmfZ� k� lhc� beb� bghc� lhqghklvx�� Z� ebrv

memqr_gb_� ijb[eb`_ggh]h� j_r_gby� \� g_dhlhjhc� f_j_�� hij_^_ey_fhc

khhl\_lkl\mxsbf� ijZ\behf�� Ih� kihkh[m� hj]ZgbaZpbb� wdhghfbqgu_

Ze]hjblfu��dZd�ijZ\beh��dhf[bgbjmxl�l_ogbdm�^\mo�ij_^u^msbo�]jmii�

<u^_e_ggu_� ]jmiiu� Ze]hjblfh\� ij_^klZ\e_gu� \� b_jZjobb

Z[kljZdlgufb� deZkkZfb� &RUUHFWLRQ$OJRULWKP�� ,QWHUYDO$OJRULWKP� b

(FRQRPLFDO5XOH��<\_^_ggu_�Z[kljZdlgu_�deZkku�gZke_^mxlky�\�b_jZjobb

qZklgufb� Ze]hjblfbq_kdbfb� j_ZebaZpbyfb�� ^himkdZxsbfb� \� k\hx

hq_j_^v� ijh^he`_gb_� khhl\_lkl\mxsbfb� fh^bnbpbjh\Zggufb

\ZjbZglZfb�



��

JZkkfhljbf� [he__� ih^jh[gh� dhgdj_lgu_� ]jmiiu� h^ghf_jguo

Ze]hjblfh\�

�����DeZkk�Ze]hjblfh\�mlhqg_gby�&RUUHFWLRQ$OJRULWKP

:[kljZdlguc� deZkk� &RUUHFWLRQ$OJRULWKP� h[t_^bgy_l� Ze]hjblfu

mlhqg_gby� b� ki_pbnbpbjm_l� bo� k\hckl\Z�� >ZggZy� ]jmiiZ� Ze]hjblfh\

j_Zebam_l�h[uqguc�bl_jZpbhgguc�ijhp_kk�b�bkihevam_l�ijbgpbi�ihbkdZ

j_r_gby�iml_f�ihke_^h\Zl_evgh]h�mlhqg_gby�ij_^u^msbo�ijb[eb`_gbc�

>ey� wlh]h� j_rZ_lky� g_ebg_cgh_� mjZ\g_gb_� ′ =f x( ) 0 � h^gbf� ba

bl_jZpbhgguo�f_lh^h\��ijb\h^ysbo�d�ke_^mxs_c�h[h[s_gghc�nhjfme_�

x x M f xk k
k

k+ = − ′1 ( ) �

\�dhlhjhc�agZq_gb_� M k �hij_^_ey_lky�\u[jZgguf�dhgdj_lguf�Ze]hjblfhf

jZkkfZljb\Z_fh]h�deZkkZ��Ihkdhevdm�\u[hj�agZq_gby� M k �g_h^ghagZq_g��\

deZkk_� &RUUHFWLRQ$OJRULWKP� hij_^_e_g� qbklh� \bjlmZevguc� f_lh^

\uqbke_gby� wlh]h� agZq_gby�� GZijbf_j�� \� f_lh^_� GvxlhgZ±JZnkhgZ� wlh

agZq_gb_�\u[bjZ_lky�h[jZlguf�\lhjhc�ijhba\h^ghc�\�ij_^u^ms_c�lhqd_�

Z�\�f_lh^_�k_dmsbo�²�h[jZlguf�dZdhc�eb[h�__�ZiijhdkbfZpbb�

F_lh^u� mlhqg_gby� ij_^klZ\e_gu� \� ij_^eh`_gghc� b_jZjobb

k_f_ckl\hf� d\Zabgvxlhgh\kdbo� f_lh^h\� 0RGLILHG1HZWRQ�� \dexqZxsbf

f_lh^� GvxlhgZ±JZnkhgZ� 1HZWRQ5DSKVRQ�� ]b[jb^guc� \ZjbZgl� f_lh^Z

GvxlhgZ�b�[bk_dpbb�1HZWRQ%LVHFWLRQ��Z�lZd`_�f_lh^�k_dmsbo�6HFDQW�

••����2SWLPL]DWLRQ$OJRULWKP
••����2SWLPL]DWLRQ8QL9DULDWH$OJRULWKP

••����&RUUHFWLRQ$OJRULWKP
••����0RGLILHG1HZWRQ

••����1HZWRQ5DSKVRQ
••����1HZWRQ%LVHFWLRQ
••����6HFDQW

••����,QWHUYDO$OJRULWKP
••����3DUDEROD
••����+\SHUEROD:LWK'HULYDWLYH
••����3URSRUWLRQDO6HFWLRQ

••����%LVHFWLRQ
••����%LVHFWLRQ:LWK'HULYDWLYH
••����)LERQDFFL�
••����)LERQDFFL�
••����*ROGHQ6HFWLRQ

••����(FRQRPLFDO5XOH
••����*ROGVWHLQ
••����$UPLMR
••����:ROIH3RZHOO
••����&XUU\
••����$OWPDQ

Jbk�����H[t_dlgZy�deZkkbnbdZpby�f_lh^h\�h^ghf_jghc�hilbfbaZpbb
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:[kljZdlguc� deZkk� 0RGLILHG1HZWRQ� j_Zebam_l� d\Zabgvxlhgh\kdbc

f_lh^� ^ey� h^ghf_jghc� hilbfbaZpbb�� ;m^mqb� gZke_^h\Zgguf� hl

Z[kljZdlgh]h� deZkkZ� &RUUHFWLRQ$OJRULWKP�� deZkk� hij_^_ey_l� f_lh^

\uqbke_gby�agZq_gby� M k �\�h[h[s_gghf�Ze]hjblf_�ih�nhjfme_

M
f xk

k
k

=
′′
λ
( )

�

]^_� iZjZf_lj� λ k � \� k\hx� hq_j_^v� hij_^_ey_lky� [he__� qZklgufb

Ze]hjblfbq_kdbfb� \ZjbZglZfb� f_lh^Z�� >ey� wlh]h� \� bgl_jn_ck_� deZkkZ

ij_^mkfhlj_g�qbklh�\bjlmZevguc�f_lh^�\uqbke_gby�wlh]h�iZjZf_ljZ�

Dhgdj_lguc� deZkk� 1HZWRQ5DSKVRQ�� gZke_^m_fuc� hl� deZkkZ

d\Zabgvxlhgh\kdbo� f_lh^h\� 0RGLILHG1HZWRQ�� j_Zebam_l� deZkkbq_kdbc

\ZjbZgl� f_lh^Z� GvxlhgZ±JZnkhgZ� �GvxlhgZ±DZglhjh\bqZ��� \� dhlhjhf

\u[bjZ_lky�agZq_gb_�iZjZf_ljZ�λ k = 1 �

Bgmx� Ze]hjblfbq_kdmx� j_ZebaZpbx� ij_^hklZ\ey_l� deZkk

1HZWRQ%LVHFWLRQ��khhl\_lkl\mxsbc�]b[jb^ghfm�\ZjbZglm�f_lh^Z�GvxlhgZ

b� [bk_dpbb�� Khq_lZgb_� f_lh^Z� GvxlhgZ�� h[_ki_qb\Zxs_]h� \ukhdmx

ehdZevgmx� kdhjhklv� koh^bfhklb�� k� f_lh^hf� [bk_dpbb�� h[_ki_qb\Zxsbf

[ukljuc�b�gZ^_`guc�]eh[Zevguc�ihbkd�ohjhr_]h�ijb[eb`_gby��y\ey_lky

^hklZlhqgh� wnn_dlb\guf� ^ey� ijZdlbq_kdh]h� ijbf_g_gby�� <� wlhf

Ze]hjblf_� k� ihfhsvx� iheh\bggh]h� ^_e_gby� \uqbkey_lky� agZq_gb_� λ k �

dhlhjh_� memqrZ_l� ijb[eb`_ggh_� j_r_gb_� b� m^h\e_l\hjy_l� mkeh\bx

kimkdZ� f x f xk k( ) ( )+ <1 ��:e]hjblf� gZqbgZ_lky� k� \uiheg_gby� ihegh]h�rZ]Z

λ k = 1 �� khhl\_lkl\mxs_]h� f_lh^m� GvxlhgZ±JZnkhgZ�� <� kemqZ_� _keb

′′ <f x k( ) 0 ��^ebgZ�rZ]Z�\u[bjZ_lky�λ k = −1 �

GZdhg_p�� dhgdj_lguc� deZkk� 6HFDQW� j_Zebam_l� Ze]hjblf� k_dmsbo

�ohj^��� :e]hjblf� bkihevam_l� ^ey� \uqbke_gby� fbgbfmfZ� lhl� `_

h[h[s_gguc� bl_jZpbhgguc� ijhp_kk�� h^gZdh�� \f_klh� agZq_gby� \lhjhc

ijhba\h^ghc�[_j_lky� __� ZiijhdkbfZpby�ih�^\mf�ij_^u^msbf� agZq_gbyf

Zj]mf_glZ

M
x x

f x f xk

k k

k k
= −

′ − ′

−

−

1

1( ) ( )
�

Ijb� j_ZebaZpbb� deZkkZ� mqblu\Z_lky� g_h[oh^bfhklv� ojZg_gby� ^\mo

l_dmsbo� agZq_gbc� ijb[eb`_ggh]h� j_r_gby�� Z� lZd`_� aZ^Zgb_� beb

hij_^_e_gb_�^\mo�gZqZevguo�lhq_d�^ey�bgbpbZebaZpbb�pbdeZ�\uqbke_gbc�

�����DeZkk�Ze]hjblfh\�km`_gby�bgl_j\ZeZ

,QWHUYDO$OJRULWKP

:[kljZdlguc� deZkk� ,QWHUYDO$OJRULWKP� hij_^_ey_l� fgh`_kl\h

Ze]hjblfh\��hkms_kl\eyxsbo�j_r_gb_�iml_f�km`_gby�bgl_j\ZeZ�ihbkdZ�



��

:e]hjblfu� wlhc� ]jmiiu� bkihevamxl� lm� beb� bgmx� kljZl_]bx� jZa[b_gby

bgl_j\ZeZ�b� hij_^_e_gby� l_o� _]h�qZkl_c��gZ� dhlhjuo� aZ\_^hfh�g_�fh`_l

[ulv� wdklj_fmfZ�� L_f� kZfuf� ^hklb]Z_lky� km`_gb_� h[eZklb� ihbkdZ

j_r_gby�b�h[_ki_qb\Z_lky�koh^bfhklv�d�g_fm�

F_lh^u�deZkkZ�,QWHUYDO$OJRULWKP�hij_^_eyxl�b�qZklbqgh�j_Zebamxl

ijhp_^mju�

²��jZa[b_gby�bgl_j\ZeZ�ihbkdZ�fbgbfmfZ�

²��ZgZebaZ�bgl_j\Zeh\�b�ehdZebaZpbb�fbgbfmfZ�

²��mlhqg_gby�ijb[eb`_ggh]h�j_r_gby�

>ey� ijh\_jdb� gZebqby� fbgbfmfZ� gZ� l_dms_f� bgl_j\Ze_�� aZ^Zgghf

ljhcdhc� lhq_d�� \� deZkk_� ij_^mkfhlj_g� \kihfh]Zl_evguc� f_lh^�

j_Zebamxsbc�lZdmx�ijh\_jdm��>ey�aZ^Zgguo�lj_o�lhq_d� x x x1 2 3≤ ≤ �f_lh^

ijh\_jy_l�\uiheg_gb_�mkeh\bc�� f x f x( ) ( )1 2≥ �b� f x f x( ) ( )3 2≥ �

Djhf_� lh]h�� \� deZkk_� i_j_hij_^_e_g� f_lh^� hp_gdb� lhqghklb�

j_Zebam_fuc� jh^bl_evkdbf� deZkkhf� 2SWLPL]DWLRQ8QL9DULDWH$OJRULWKP�

<f_klh� hp_gdb�� hkgh\Zgghc� gZ� ZgZeba_� koh^bfhklb� bl_jZpbc�� \\h^blky

hp_gdZ�lhqghklb��hij_^_ey_fZy�]jZgbpZfb�bgl_j\ZeZ�ihbkdZ�

F_lh^u� ^Zgghc� ]jmiiu� ij_^klZ\e_gu� \� b_jZjobb� deZkkZfb� f_lh^Z

d\Z^jZlbqghc� bgl_jiheypbb� �iZjZ[heu�� 3DUDEROD�� f_lh^Z� dm[bq_kdhc

bgl_jiheypbb� k� bkihevah\Zgb_f� ijhba\h^ghc�+\SHUEROD:LWK'HULYDWLYH�

^\mfy� \ZjbZglZfb� f_lh^Z� [bk_dpbb� �iheh\bggh]h� ^_e_gby�� %LVHFWLRQ�

%LVHFWLRQ:LWK'HULYDWLYH� b� _]h� \ZjbZpbyfb�� j_Zebamxsbfb� ^_e_gb_

bgl_j\ZeZ� hilbfbaZpbb� gZ� g_jZ\gu_� qZklb�� ²� f_lh^Zfb� Nb[hgZqqb

)LERQDFFL��� )LERQDFFL�� b� f_lh^hf� ahehlh]h� k_q_gby� *ROGHQ6HFWLRQ

>�������@�

DeZkk� 3DUDEROD� j_Zebam_l� deZkkbq_kdbc� f_lh^� iZjZ[heu�� >ey

j_r_gby� aZ^Zqb� Ze]hjblfm� g_h[oh^bfh� aZ^Zlv� ljb� lhqdb�

m^h\e_l\hjyxsb_�mkeh\bx� ehdZebaZpbb�fbgbfmfZ��GZ� dZ`^hc�bl_jZpbb

Ze]hjblfZ� hlukdb\Z_lky� agZq_gb_� fbgbfmfZ� iZjZ[heu� ihkljh_gghc� ih

lj_f� lhqdZf�� ijbgZ^e_`Zsbf� fbgbfbabjm_fhc� nmgdpbb�� Ba� q_luj_o

bf_xsboky�agZq_gbc�\u[bjZxl�ljb�lhqdb��m^h\e_l\hjyxsb_�mdZaZgghfm

mkeh\bx��Ijb�ijh]jZffghc�j_ZebaZpbb�^Zggh]h�Ze]hjblfbq_kdh]h�deZkkZ

^hklZlhqgh� _kl_kl\_gguf� hdZau\Z_lky� ijbf_g_gb_� deZkkZ� d\Z^jZlbqguo

kl_i_gguo� ihebghfh\� 4XDGUDWLF3RO\QRPLDO�� \oh^ys_]h� \� khklZ\

fZl_fZlbq_kdhc� h[t_dlgh�hjb_glbjh\Zgghc� [b[ebhl_db� >��@� b

bgdZikmebjmxs_]h�g_h[oh^bfu_�f_lh^u�bgl_jihebjh\Zgby�b�\uqbke_gby

fbgbfmfZ�

;he__� keh`gmx� Ze]hjblfbq_kdmx� j_ZebaZpbx� ij_^hklZ\ey_l� deZkk

+\SHUEROD:LWK'HULYDWLYH�� GZ� dZ`^hc� bl_jZpbb� Ze]hjblf� lZd`_

bkihevam_l�ljb�lhqdb��m^h\e_l\hjyxsb_�mkeh\bx�ehdZebaZpbb�fbgbfmfZ�

h^gZdh� ijbf_gy_l� dm[bq_kdmx� bgl_jiheypbx� ^ey� hij_^_e_gby

ijb[eb`_ggh]h�fbgbfmfZ�nmgdpbb��K�wlhc�p_evx�bkihevam_lky�agZq_gb_



���

ijhba\h^ghc�\�h^ghc�ba�lhq_d��\�dhlhjuo�nmgdpby�bf__l�hljbpZl_evgmx

ijhba\h^gmx�� DZd� b� \� ij_^u^ms_f� kemqZ_�� ijh]jZffgZy� j_ZebaZpby

Ze]hjblfbq_kdh]h� deZkkZ� hibjZ_lky� gZ� deZkk� dm[bq_kdbo� kl_i_gguo

ihebghfh\� &XELF3RO\QRPLDO�� ^ey� dhlhjh]h� hij_^_e_gu� f_lh^u

bgl_jihebjh\Zgby�b�\uqbke_gby�fbgbfmfZ�

<Z`gmx� ]jmiim� Ze]hjblfh\� km`_gby� bgl_j\ZeZ� khklZ\eyxl

Ze]hjblfu� ijhihjpbhgZevgh]h� ^_e_gby� deZkkZ� 3URSRUWLRQDO6HFWLRQ�

H[sbf� ^ey� wlbo� Ze]hjblfh\� y\ey_lky� lh�� qlh� bgl_j\Ze� ^jh[blky� \

hij_^_e_gghc�ijhihjpbb�� aZ^Z\Z_fhc�iZjZf_ljhf�f_lh^Z� γ ��K�ihfhsvx

^Zggh]h�iZjZf_ljZ�gZ�dZ`^hc�bl_jZpbb�jZkkqblu\Zxlky�bgl_j\Ze�^_e_gby

∆ = −( )b a γ � b� agZq_gby� ijhf_`mlhqguo� lhq_d� gZ� bgl_j\Ze_� ihbkdZ�
c b= − ∆ �b� d a= + ∆ ��GZ�dZ`^hc�bl_jZpbb�ba�ihemq_gguo�q_luj_o�lhq_d�D��F�
G�b�E�\u[bjZxlky�ljb��m^h\e_l\hjyxsb_�mkeh\bx�ehdZebaZpbb�fbgbfmfZ�

AZl_f� gZ� hklZ\r_fky� bgl_j\Ze_� aZgh\h� hij_^_eyxlky� ijhf_`mlhqgu_

lhqdb�

:[kljZdlguc� deZkk� 3URSRUWLRQDO6HFWLRQ� j_Zebam_l� h[h[s_gguc

bl_jZpbhgguc� ijhp_kk�� oZjZdl_jguc� ^ey� \k_o� Ze]hjblfh\

ijhihjpbhgZevgh]h� ^_e_gby�� Ihkdhevdm� ijhp_^mjZ� gZoh`^_gby

\kihfh]Zl_evguo� lhq_d� m� \k_o� Ze]hjblfh\� jZaebqgZ�� \� deZkk_

3URSRUWLRQDO6HFWLRQ� hij_^_e_g� khhl\_lkl\mxsbc� qbklh� \bjlmZevguc

f_lh^�� j_Zebam_fuc� dhgdj_lgufb� gZke_^m_fufb� Ze]hjblfbq_kdbfb

deZkkZfb�� >Zgguc� deZkk� Ze]hjblfh\� ij_^klZ\e_g� \� Ze]hjblfbq_kdhc

b_jZjobb� dhgdj_lgufb� deZkkZfb� %LVHFWLRQ�� %LVHFWLRQ:LWK'HULYDWLYH�

)LERQDFFL���)LERQDFFL��b�*ROGHQ6HFWLRQ�

DeZkk� %LVHFWLRQ� j_Zebam_l� deZkkbq_kdbc� Ze]hjblf� iheh\bggh]h

^_e_gby�� GZ� i_j\hf� rZ]_� Ze]hjblfZ�� j_Zebam_fhf� \� f_lh^_

bgbpbZebaZpbb��gZoh^blky�kj_^gyy�lhqdZ�aZ^Zggh]h�bgl_j\ZeZ� c a b= +( ) 2 �

<� f_lh^_� \uqbke_gby� bl_jZpbb� hij_^_eyxlky� _s_� ^\_� ijhf_`mlhqgu_

lhqdb� bgl_j\ZeZ� ihbkdZ�� d a c= +( ) 2 � b� e c b= +( ) 2 ��Ba� bf_xsboky� lhq_d

\u[bjZxlky�ljb�kf_`gu_�lhqdb��m^h\e_l\hjyxsb_�mkeh\bx�ehdZebaZpbb

fbgbfmfZ�

DeZkk� %LVHFWLRQ:LWK'HULYDWLYH� j_Zebam_l� Ze]hjblf� iheh\bggh]h

^_e_gby� k� bkihevah\Zgb_f� ijhba\h^guo�� DZd� b� \� f_lh^_� [bk_dpbb� ijb

\uqbke_gbb� bl_jZpbb� gZoh^blky� kj_^gyy� lhqdZ�� H^gZdh� mlhqg_gb_

bgl_j\ZeZ� ihbkdZ� ijhbkoh^bl� g_� gZ� hkgh\_� jZaghklghc� hp_gdb

ehdZebaZpbb�fbgbfmfZ�� Z� k�bkihevah\Zgb_f� ZgZeblbq_kdhc�ijhba\h^ghc

′f c( ) �� ?keb� agZq_gb_� ijhba\h^ghc� \� kj_^g_c� lhqd_� iheh`bl_evgh�� lh� \

dZq_kl\_� mlhqg_ggh]h� bgl_j\ZeZ� ihbkdZ� [_j_lky� e_\Zy� iheh\bgZ�� \

ijhlb\ghf�kemqZ_�²�ijZ\Zy�



���

DeZkku� )LERQDFFL��� )LERQDFFL�� j_Zebamxl� ^\Z� \ZjbZglZ� Ze]hjblfZ

ihke_^h\Zl_evghklb� Nb[hgZqqb�� jZaebqZxsb_ky� mkeh\byfb� ihbkdZ

wdklj_fmfZ�

DeZkk� )LERQDFFL�� hkms_kl\ey_l� gZoh`^_gb_� hilbfmfZ� nmgdpbb� gZ

aZ^Zgghf�bgl_j\Ze_� [ , ]a b �k� aZ^Zgghc�Z[khexlghc� lhqghklvx� ε ��GZ� wlZi_
bgbpbZebaZpbb� j_dmjj_glguf� h[jZahf� gZoh^blky� i_j\h_� agZq_gb_� Fn

ihke_^h\Zl_evghklb� Nb[hgZqqb� { }F F F F F Fk k k k: , ,1 2 1 21 2= = = +− − �

m^h\e_l\hjyxs__� mkeh\bx� F b an ≥ −( ) ε �� AZl_f� hij_^_ey_lky� iZjZf_lj
f_lh^Z� γ = −F Fn n 1 � b� hlukdb\Zxlky� gZqZevgu_� agZq_gby� ijhf_`mlhqguo

lhq_d�� Ba� bf_xsboky� lhq_d� hl[bjZxlky� g_h[oh^bfu_� ljb�

m^h\e_l\hjyxsb_�mkeh\bx�ehdZebaZpbb�fbgbfmfZ��Gh\Zy�ijhf_`mlhqgZy

lhqdZ� [_j_lky� kbff_ljbqgh� d� bf_xs_cky� hlghkbl_evgh� p_gljZ� gh\h]h

bgl_j\ZeZ�

DeZkk� )LERQDFFL�� hij_^_ey_l� ijhp_^mjm� gZoh`^_gby� hilbfmfZ

nmgdpbb� gZ� aZ^Zgghf� bgl_j\Ze_� [ , ]a b � ih� aZ^Zgghfm� ij_^_evghfm� qbkem

\hafh`guo� bl_jZpbc� 1�� >ey� wlh]h� gZoh^blky� agZq_gb_� FN −1

ihke_^h\Zl_evghklb� Nb[hgZqqb�� <uqbkey_lky� ∆ = − −( ) /b a FN 1 �� >Zevr_

Ze]hjblf�\uihegy_lky��dZd�b�\�i_j\hf�kemqZ_��Ihemq_ggZy�lhqghklv�[m^_l

jZ\gZ�khhl\_lkl\_ggh�∆ �

DeZkk� *ROGHQ6HFWLRQ� hkms_kl\ey_l� ihbkd� wdklj_fmfZ� f_lh^hf

ahehlh]h� k_q_gby��F_lh^� y\ey_lky� mijhs_gguf� \ZjbZglhf� ij_^u^ms_]h

Ze]hjblfZ�b�bkihevam_l�\f_klh�agZq_gbc�ihke_^h\Zl_evghklb�Nb[hgZqqb�

aZ\bkysbo�hl�lj_[m_fhc�lhqghklb�\uqbke_gby�beb�lj_[m_fh]h�dhebq_kl\Z

ijhba\_^_gguo�bl_jZpbc��ihklhyggh_�qbkeh� γ = + ≈( ) ,5 1 2 1 618 �²�ahehlh_

k_q_gb_�� <k_� \uqbke_gby� b^_glbqgu� i_j\hfm� \ZjbZglm� f_lh^Z

ihke_^h\Zl_evghklb�Nb[hgZqqb�

�����DeZkk�Ze]hjblfh\�wdhghfbqgh]h�ihbkdZ

(FRQRPLFDO5XOH

Lj_lbc� deZkk� Ze]hjblfh\� (FRQRPLFDO5XOH�� g_ihkj_^kl\_ggh

gZke_^m_fuc� hl� deZkkZ� 2SWLPL]DWLRQ8QL9DULDWH$OJRULWKP�� khklZ\eyxl

Ze]hjblfu� lZd� gZau\Z_fh]h� ©wdhghfbqgh]hª�� beb� ©gZbemqr_]hª� ihbkdZ�

GZagZq_gb_f� wlbo� Ze]hjblfh\� y\ey_lky� g_� ijb[eb`_ggh_� gZoh`^_gb_

lhqdb�hilbfmfZ��Z�ebrv�memqr_gb_�gZqZevgh]h�ijb[eb`_gby�\�g_dhlhjhc

aZ^Zgghc�f_j_��>Zggu_�Ze]hjblfu�bf_xl�\Z`gh_�ijZdlbq_kdh_�agZq_gb_�

ihkdhevdm�iha\heyxl�kms_kl\_ggh�mkdhjblv�jZ[hlm�f_lh^h\�fgh]hf_jghc

hilbfbaZpbb��bkihevamxsbo�[ukljmx�h^ghf_jgmx�hilbfbaZpbx�

DeZkk� f_lh^h\� wdhghfbqgh]h� ihbkdZ� (FRQRPLFDO5XOH� khklZ\eyxl

dhgdj_lgu_� deZkku� *ROGVWHLQ�� $UPLMR�� :ROIH3RZHOO�� &XUU\� b� $OWPDQ�



���

j_Zebamxsb_� ijZ\beZ� =he^kl_cgZ�� :jfbch�� <hevn_±IZmweeZ�� Z� lZd`_

ijbgpbiu�DZjjb�b�:evlfZgZ�khhl\_lkl\_ggh�>����@�

<hh[s_�]h\hjy��^Zgguc�deZkk�f_lh^h\�fh`gh�[ueh�[u�hj]Zgbah\Zlv

kZfhklhyl_evgh�� ihkdhevdm� hg� g_� h[_ki_qb\Z_l� ihbkdZ� wdklj_fmfZ� \

h[uqghf� ihgbfZgbb�� L_f� g_� f_g__�� \dexq_gb_� wlh]h� deZkkZ� \� h[smx

b_jZjobx�iha\hey_l�mgbnbpbjh\Zlv�f_lh^u�j_r_gby�h^ghf_jguo�aZ^Zq�b

l_f� kZfuf� bkihevah\Zlv� ijb� fgh]hf_jghc� hilbfbaZpbb� jZaebqgu_

Ze]hjblfbq_kdb_� \hafh`ghklb�� <� qZklghklb�� h[uqguc� ihbkd� fbgbfmfZ

nmgdpbhgZeZ� \� aZ^Zgghf�gZijZ\e_gbb�fh`_l� hij_^_eylv� \Z`gmx� ]jmiim

deZkkbq_kdbo�f_lh^h\�gZbkdhj_cr_]h�kimkdZ�

<� hkgh\_� jZkkfZljb\Z_fuo� f_lh^h\� e_`bl� h[sbc� Ze]hjblf

gZoh`^_gby� lhqdb�� [ebadhc� d� hilbfZevghc�� Ijb� wlhf� g_y\gh

ij_^iheZ]Z_lky��qlh�ihbkd�\_^_lky�gZ�iheh`bl_evghc�ihemhkb� [ , )x0 + ∞ �^ey

m[u\Zxs_c� nmgdpbb� ′ <f x( )0 0 �� AZf_lbf�� qlh� bf_ggh� wlhl� kemqZc

ij_^klZ\ey_l� ijZdlbq_kdbc� bgl_j_k�� ihkdhevdm� fbgbfbaZpby

fgh]hf_jgh]h�nmgdpbhgZeZ�\k_]^Z�hkms_kl\ey_lky�\�gZijZ\e_gbb�kimkdZ�

K� lhqdb� aj_gby� wnn_dlb\ghklb� Ze]hjblf� ^he`_g� ^_eZlv� ^hklZlhqgh

[hevrhc� rZ]�� qlh[u� h[_ki_qb\Zlv� [ukljmx� koh^bfhklv�� <f_kl_� k� l_f�

^ebgZ�rZ]Z�^he`gZ�[ulv�h]jZgbq_gZ�k�l_f��qlh[u�h[_ki_qb\Zlv�j_Zevgh_

mf_gvr_gb_�nmgdpbhgZeZ�\�gZijZ\e_gbb�kimkdZ��H[Z�mkeh\by�hij_^_eyxl

h[sb_� ijZ\beZ� ^ey� jZkkfZljb\Z_fhc� ]jmiiu� Ze]hjblfh\� b� j_Zebamxlky

Z[kljZdlguf�deZkkhf�(FRQRPLFDO5XOH�

F_lh^u� deZkkZ� (FRQRPLFDO5XOH� hij_^_eyxl� b� qZklbqgh� j_Zebamxl

ke_^mxsb_�ijhp_^mju�

²��mklZgh\dm�iZjZf_ljh\� Ze]hjblfZ� m1 �b� m2 ��^hklmi�d�gbf�� Z� lZd`_

ijh\_jdm�bo�dhjj_dlghklb�

²��ijh\_jdm� mkeh\by� koh^bfhklb� ^ey� ij_^iheZ]Z_fuo� bl_jZpbc

fgh]hf_jgh]h�Ze]hjblfZ�

²��ijh\_jdm�mkeh\by�^ey�^ebgu�rZ]Z�fgh]hf_jgh]h�Ze]hjblfZ�

²��i_j_hij_^_e_gby� bgl_j\ZeZ� ihbkdZ� b� ijb[eb`_ggh]h� agZq_gby

fbgbfmfZ�

Ohly� Ze]hjblfu� ij_^gZagZq_gu� ^ey� j_r_gby� fgh]hf_jguo� aZ^Zq�

knhjfmebjm_f� ijZ\beZ� ^Zggh]h� deZkkZ� \� l_jfbgZo� ihklZgh\db

h^ghf_jghc�aZ^Zqb�

GZ�wlZi_�bgbpbZebaZpbb�\uqbke_gbc�aZ^Z_lky�bgl_j\Ze�ihbkdZ� [ , ]x x1 2

b� g_dhlhjh_� ijb[eb`_ggh_� agZq_gb_� fbgbfmfZ� x x x∈[ , ]1 2 �� H[uqgh� \

dZq_kl\_�gZqZevguo� agZq_gbc�\u[bjZxlky� x x1 0= �b� x2 = +∞ ��Z� agZq_gb_� x

wdkljZihebjm_lky�gZ�hkgh\_�ij_^u^msbo�mki_rguo�rZ]h\�fgh]hf_jgh]h

Ze]hjblfZ�

>Ze__�� ijb� \uqbke_gbb� bl_jZpbc� hij_^_ey_lky� agZq_gb_� f x( ) � b

hkms_kl\ey_lky�ijh\_jdZ�i_j\h]h�ijZ\beZ



���

f x f x m x x f x( ) ( ) ( ) ( )≤ + − ′0 1 0 0 �

\�dhlhjhf�iZjZf_lj�Ze]hjblfZ� m1 0 1∈( , ) ��<�kemqZ_�g_\uiheg_gby�mkeh\by

i_j_hij_^_ey_lky� ijZ\Zy� ]jZgbpZ� bgl_j\ZeZ� x x2 = � b� \uqbkey_lky� gh\h_

agZq_gb_� x �� Ihkdhevdm� ^Zggh_� ijZ\beh� y\ey_lky� h[sbf� ^ey� \k_o

Ze]hjblfh\� jZkkfZljb\Z_fh]h� deZkkZ� (FRQRPLFDO5XOH�� \� ^Zgghf� deZkk_

g_ihkj_^kl\_ggh� j_Zebam_lky� f_lh^� ijh\_jdb� mkeh\by�� Z� lZd`_� f_lh^

i_j_hij_^_e_gby� ]jZgbp� bgl_j\ZeZ� b� hij_^_e_gby� gh\h]h� agZq_gby

fbgbfmfZ�� <� kemqZ_� \uiheg_gby� i_j\h]h� h[s_]h� ijZ\beZ� i_j_oh^yl� dh

\lhjhc�ijh\_jd_��dhlhjZy�jZaebqZ_lky�^ey�dZ`^h]h�dhgdj_lgh]h�Ze]hjblfZ

b� j_Zebam_lky� khhl\_lkl\mxsbf� \bjlmZevguf� f_lh^hf� deZkkZ

(FRQRPLFDO5XOH�

<� deZkk_� *ROGVWHLQ� ^Zgguc� f_lh^� hkms_kl\ey_l� ijh\_jdm� ijZ\beZ

=he^kl_cgZ

f x f x m x x f x( ) ( ) ( ) ( )≥ + − ′0 2 0 0 �

^ey�dhlhjh]h�iZjZf_lj�m m2 1 1∈( , ) �

DeZkk�$UPLMR�j_Zebam_l�ijZ\beh�:jfbch

f x m x x f x m m x x f x( ( )) ( ) ( ) ( )0 2 0 0 1 2 0 0+ − ≥ + − ′ �

]^_�iZjZf_lj�f_lh^Z�m2 1> �

GZdhg_p��deZkk�:ROIH3RZHOO�hkms_kl\ey_l�ijh\_jdm�mkeh\bc�ijZ\beZ

<hevn_±IZmweeZ

′ ≥ ′f x m f x( ) ( )2 0 �

]^_�iZjZf_lj�m m2 1 1∈( , ) �

<� kemqZ_� g_\uiheg_gby� khhl\_lkl\mxs_]h� mkeh\by� dhgdj_lgh]h

Ze]hjblfZ�� i_j_hij_^_ey_lky� e_\Zy� ]jZgbpZ� bgl_j\ZeZ� ihbkdZ� x x1 = � b

bs_lky� gh\h_� agZq_gb_� x x x∈[ , ]1 2 �� <� ijhlb\ghf� kemqZ_� aZ^ZqZ� kqblZ_lky

j_r_gghc�b� x �²�bkdhfZy�lhqdZ�ijb[eb`_ggh]h�fbgbfmfZ�

:gZeh]bqguf� h[jZahf� hj]Zgbamxlky� deZkku� &XUU\�� $OWPDQ�

j_Zebamxsb_� ijbgpbiu� DZjjb� b� :evlfZgZ�� >Zggu_� ijbgpbiu� \jy^� eb

ke_^m_l� jZkkfZljb\Zlv� \� dZq_kl\_� dhgkljmdlb\ghc� ijZdlbq_kdhc

ijhp_^mju�� ihkdhevdm� hgb� \� [hevr_c� kl_i_gb� ij_^klZ\eyxl� ihe_aguc

l_hj_lbq_kdbc� bgkljmf_gl� ^ey� bkke_^h\Zgby� ^jm]bo� Ze]hjblfh\�� >ey

p_ehklgh]h�ij_^klZ\e_gby�\k_o�ba\_klguo�wdhghfbqguo�kljZl_]bc�^Zggu_

deZkku� [ueb� \\_^_gu� \� jZajZ[Zlu\Z_fmx� Ze]hjblfbq_kdmx

deZkkbnbdZpbx�

LZdbf� h[jZahf�� jZkkfhlj_gZ� h[t_dlgZy� deZkkbnbdZpby� hkgh\guo

f_lh^h\� h^ghf_jghc� hilbfbaZpbb�� JZkkfhljbf� \hafh`ghklb� h[t_dlgh�

hjb_glbjh\Zggh]h� ih^oh^Z� ijb� ijh]jZffbjh\Zgbb� fgh]hf_jguo

Ze]hjblfh\�gZ�hkgh\_�bo�h[t_dlghc�deZkkbnbdZpbb�



���

���H[t_dlgZy�deZkkbnbdZpby�f_lh^h\�fgh]hf_jghc

[_amkeh\ghc�hilbfbaZpbb

Mihfygmluc� \ur_� kmi_jdeZkk� Ze]hjblfh\� hilbfbaZpbb

2SWLPL]DWLRQ$OJRULWKP� fh`_l� kem`blv� [Zah\uf� jh^bl_evkdbf� deZkkhf

^ey� jZaghh[jZaguo� j_ZebaZpbc� fgh]hf_jguo� hilbfbaZpbhgguo

Ze]hjblfh\�� ihkdhevdm� _]h� f_lh^u� hij_^_eyxl� ^hklZlhqgh� h[sb_

Ze]hjblfbq_kdb_�dhfihg_glu�b�hnhjfe_gu�\�\b^_�\bjlmZevguo�ijhp_^mj�

^himkdZxsbo� i_j_hij_^_e_gb_� \� dhgdj_lguo� gZke_^m_fuo

Ze]hjblfbq_kdbo�deZkkZo�

Ij_^eZ]Z_lky� bkihevah\Zlv� ke_^mxsmx� b_jZjobx� Ze]hjblfbq_kdbo

deZkkh\��hkgh\Zggmx�gZ�^Zgghf�kmi_jdeZkk_��jbk������DeZkkh\Zy�b_jZjoby�\

agZqbl_evghc� kl_i_gb� hljZ`Z_l� h[smx� deZkkbnbdZpbx� f_lh^h\�

ijbgylmx�\�l_hjbb�hilbfbaZpbb�>�±��@�



���

>ZggZy�deZkkbnbdZpby�ij_^klZ\e_gZ�^\mfy�hkgh\gufb�Z[kljZdlgufb

deZkkZfb� f_lh^h\� 2SWLPL]DWLRQ0XOWL9DULDWH$OJRULWKP� b

1RQOLQHDU4XDGUDWLF2SWLPL]DWLRQ$OJRULWKP�� hjb_glbjh\Zggufb� gZ

j_r_gb_� aZ^Zq� hilbfbaZpbb� \� h[s_c� ihklZgh\d_� b� \� ihklZgh\d_� aZ^Zq

g_ebg_cghc� d\Z^jZlbqghc� hilbfbaZpbb�� H[sb_� Ze]hjblfu

ih^jZa^_eyxlky� gZ� f_lh^u� kimkdZ� 'HVFHQW$OJRULWKP�� f_lh^u

khijy`_gguo�gZijZ\e_gbc�&RQMXJDWH'LUHFWLRQV��Z�lZd`_�j_eZdkZpbhggu_

Ze]hjblfu� 5HOD[DWLRQ�� :e]hjblfu� g_ebg_cghc� d\Z^jZlbqghc

hilbfbaZpbb� ij_^klZ\e_gu� deZkkhf� f_lh^h\� lbiZ� =ZmkkZ±GvxlhgZ

4XDVL*DXVV1HZWRQ�

••����2SWLPL]DWLRQ$OJRULWKP
••����2SWLPL]DWLRQ0XOWL9DULDWH$OJRULWKP

••����'HVFHQW$OJRULWKP
••����0XOWL6WHS*UDGLHQW

••����*UDGLHQW
••����'LYHUJHQW6HULHV
••����*UDGLHQW1HZWRQ

••����4XDVL1HZWRQ
••����7UXQFDWHG1HZWRQ

••����0RGLILHG1HZWRQ
••����1HZWRQ
••����1HZWRQ&RQMXJDWH*UDGLHQW

••����'LVFUHWH1HZWRQ
••����'LVFUHWH1HZWRQ�
••����'LVFUHWH1HZWRQ�

••����6HFDQW8SGDWH
••����3RZHOO%UR\GHQ
••����*HQHULF%UR\GHQ

••����8QL5DQN8SGDWH
••����'DYLGRQ)OHWFKHU3RZHOO
••����%UR\GHQ)OHWFKHU*ROGIDUE6KDQQR

••����&RQMXJDWH'LUHFWLRQV
••����'DQLHO
••����)OHWFKHU5HHYHV
••����3RODN5LELHUH
••����3DUDOOHO7DQJHQWV
••����3RZHOO
••����5RVHQEURFN

••����5HOD[DWLRQ
••����6XFFHVLYH2YHU5HOD[DWLRQ

••����*DXVV6HLGHO
••����6XFFHVLYH2YHU5HOD[DWLRQ1HZWRQ

••����)DVW5HOD[DWLRQ
••����1RQOLQHDU4XDGUDWLF2SWLPL]DWLRQ$OJRULWKP

••����0RGLILHG*DXVV1HZWRQ
••����'DPSHG*DXVV1HZWRQ

••����*DXVV1HZWRQ
••����/HYHQEHUJ0DUTXDUGW

••����4XDGUDWLF2SWLPL]DWLRQ1HZWRQ
Jbk�����H[t_dlgZy�deZkkbnbdZpby�f_lh^h\�fgh]hf_jghc�hilbfbaZpbb



���

Kl_i_gv� ^_lZebaZpbb� ij_^eZ]Z_fhc� h[t_dlghc� deZkkbnbdZpbb

jZaebqgZ� ^ey� jZaguo� k_f_ckl\� f_lh^h\�� Ihwlhfm� \� b_jZjobb

ij_^klZ\e_gu�� ij_`^_� \k_]h�� deZkkbq_kdb_� \ZjbZglu� f_lh^h\�

khklZ\eyxsb_� ij_^f_l� l_hj_lbq_kdbo� bkke_^h\Zgbc�� b� f_lh^u�� ohjhrh

aZj_dhf_g^h\Z\rb_�k_[y�\�fgh]hqbke_gguo�ijZdlbq_kdbo�ijbeh`_gbyo�

Hkgh\gmx� ]jmiim� f_lh^h\� khklZ\ey_l� deZkk� f_lh^h\� kimkdZ

'HVFHQW$OJRULWKP�� DeZkk� \bjlmZevgh� hij_^_ey_l� b� j_Zebam_l� hkgh\gmx

bl_jZpbhggmx�nhjfmem�f_lh^h\�kimkdZ

x x pk k
k

k+ = −1 λ �����λ k > 0 �

\� dhlhjhc� λ k �²� ^ebgZ�rZ]Z� \� gZijZ\e_gbb� pk ��<k_� Ze]hjblfu� ^Zggh]h

deZkkZ�jZaebqZxlky� kihkh[Zfb�ihkljh_gby�gZijZ\e_gby� kimkdZ�b�\u[hjZ

hilbfZevghc� ^ebgu� rZ]Z�� Ihwlhfm� \� deZkk_� hij_^_e_gu� \bjlmZevgu_

f_lh^u�^ey�\uqbkebl_evguo�ijhp_^mj��hkms_kl\eyxsbo�

²��ihkljh_gb_�gZijZ\e_gby�kimkdZ� pk �

²��\u[hj�hilbfZevghc�^ebgu�rZ]Z�λ k �

Ijbq_f� f_lh^� ihkljh_gby� gZijZ\e_gby� kimkdZ� hij_^_ey_lky� dZd

qbklh� \bjlmZevguc� b� gm`^Z_lky� \� mlhqg_gbb� \� dhgdj_lguo

Ze]hjblfbq_kdbo� j_ZebaZpbyo�� F_lh^� \u[hjZ� ^ebgu� rZ]Z

g_ihkj_^kl\_ggh� j_Zebam_lky� \� ^Zgghf� deZkk_� k� bkihevah\Zgb_f

^hihegbl_evgh]h� h^ghf_jgh]h� Ze]hjblfZ� deZkkZ

2SWLPL]DWLRQ8QL9DULDWH$OJRULWKP�� AZf_lbf�� qlh� \� kemqZ_� aZ^Zgby

Ze]hjblfbq_kdh]h� h[t_dlZ� ^ey� h[uqghc� h^ghf_jghc� hilbfbaZpbb

j_Zebam_lky� ko_fZ� f_lh^Z� gZbkdhj_cr_]h� kimkdZ�� :� \� kemqZ_� aZ^Zgby

Ze]hjblfbq_kdh]h� h[t_dlZ� qZklgh]h� deZkkZ� (FRQRPLFDO5XOH� j_Zebam_lky

ko_fZ� wdhghfbqgh]h� kimkdZ�� L_f� kZfuf�� ^ZggZy� h[t_dlgZy� j_ZebaZpby

h[_ki_qb\Z_l�ijbf_g_gb_�jZaebqguo�hilbfbaZpbhgguo�ih^oh^h\�

JZkkfhljbf� j_ZebaZpbx� gZb[he__� \Z`guo� ]jmii� f_lh^h\� kimkdZ�

ij_^klZ\e_gguo�\�b_jZjobb�deZkkhf�fgh]hrZ]h\uo�]jZ^b_glguo�f_lh^h\

0XOWL6WHS*UDGLHQW�� deZkkhf� d\Zabgvxlhgh\kdbo�f_lh^h\�4XDVL1HZWRQ� b

[he__�qZklguf�deZkkhf�f_lh^h\�k_dmsbo�6HFDQW8SGDWH��dhlhjuc�ke_^m_l

hlg_klb�lZd`_�d�deZkkm�d\Zabgvxlhgh\kdbo�f_lh^h\�

�����DeZkk�fgh]hrZ]h\uo�]jZ^b_glguo�f_lh^h\

0XOWL6WHS*UDGLHQW

DeZkk� *UDGLHQW� j_Zebam_l� k_f_ckl\h� deZkkbq_kdbo� ]jZ^b_glguo

f_lh^h\�� H[sZy� bl_jZpbhggZy� nhjfmeZ�� bkihevam_fZy� ]jZ^b_glgufb

f_lh^Zfb��bf__l�\b^

x x p p
f x

f x
k k

k
k k

k

k

+ = − = ∇
∇

1 λ ,
( )

( )
�



���

Ihkdhevdm�jh^bl_evkdbc�deZkk�hij_^_ey_l�f_lh^�\u[hjZ�rZ]Z� λ k �dZd

\bjlmZevguc�� ^himklbfh� i_j_hij_^_e_gb_� wlh]h� f_lh^Z� \� qZklguo

gZke_^m_fuo� deZkkZo� ]jZ^b_glguo� f_lh^h\�� <� qZklghklb�� ba\_klgu

\ZjbZglu�f_lh^Z��\�dhlhjuo�\u[hj�i_j_f_s_gbc�hij_^_ey_lky�Zijbhjgh�

Ijbf_jhf� lZdbo�f_lh^h\�� ij_^klZ\e_gguf� \� Ze]hjblfbq_kdhc� b_jZjobb

deZkkhf�'LYHUJHQW6HULHV�� y\ey_lky�f_lh^� jZkoh^ys_]hky� jy^Z�� \� dhlhjhf

rZ]�\uqbkey_lky�dZd�λ k k= 1 �

DZd�ba\_klgh��]jZ^b_glgu_�f_lh^u�h[_ki_qb\Zxl�ebg_cgmx�kdhjhklv

koh^bfhklb��dhlhjZy��\\b^m�gbadhc�\uqbkebl_evghc�klhbfhklb�bl_jZpbc�

fh`_l� hdZaZlvky� \iheg_� m^h\e_l\hjbl_evghc� ^ey� ijZdlbq_kdh]h

bkihevah\Zgby��<f_kl_�k�l_f��]jZ^b_glgu_�f_lh^u�h[eZ^Zxl�hq_gv�gbadhc

koh^bfhklvx�^ey�nmgdpbhgZeh\��ij_^klZ\eyxsbo�h\jZ`gu_�ih\_joghklb�

Wlh� k\yaZgh� k� g_h[oh^bfhklvx� lhqghc� hilbfbaZpbb� nmgdpbhgZeZ� \

]jZ^b_glguo� gZijZ\e_gbyo�� i_ji_g^bdmeyjguo� d� gZijZ\e_gbx

wdklj_fmfZ��H^gbf� ba� kihkh[h\� mkdhj_gby� hkgh\guo� bl_jZpbc� y\ey_lky

\\_^_gb_�fgh]hrZ]h\h]h�ijhp_kkZ��ijb�dhlhjhf�hilbfZevgZy�^ebgZ�rZ]Z

gZ� h[s_c� bl_jZpbb� hij_^_ey_lky� ihke_� g_kdhevdbo� ijh[guo� rZ]h\�

>Zggh_� Ze]hjblfbq_kdh_� h[h[s_gb_� ]jZ^b_glgh]h� f_lh^Z� j_Zebam_lky

deZkkhf�0XOWL6WHS*UDGLHQW��y\eyxsbfky�jh^bl_evkdbf�^ey�\k_o�deZkkh\

]jZ^b_glguo� f_lh^h\�� <� deZkk_� hij_^_e_g� ^hihegbl_evguc� iZjZf_lj

qbkeZ� ijh[guo� rZ]h\�� Z� lZd`_� g_h[oh^bfu_� f_lh^u� ^hklmiZ� d� g_fm�

F_lh^� \uqbke_gby� hkgh\ghc� bl_jZpbb� j_Zebam_lky� pbdehf� ijh[guo

]jZ^b_glguo�rZ]h\�

�����DeZkk�d\Zabgvxlhgh\kdbo�f_lh^h\�4XDVL1HZWRQ

DeZkk� 4XDVL1HZWRQ� hij_^_ey_l� gZb[he__� agZqbfmx� b� jZa\blmx

]jmiim�f_lh^h\��j_Zebamxsmx�h[h[s_gguc�d\Zabgvxlhgh\kdbc�ih^oh^�\

khhl\_lkl\bb�k�h[s_c�nhjfmehc�f_lh^h\�wlh]h�k_f_ckl\Z

x x H f xk k
k k

k+ −= − ∇1 1λ ( ) �

\� dhlhjhc� fZljbpZ� Hk � y\ey_lky� l_f� beb� bguf� ijb[eb`_gb_f� ]_kkbZgZ

∇2 f x( ) �� <u[hj� ZiijhdkbfZpbb� ]_kkbZgZ� Hk � hij_^_ey_l� fgh]hh[jZab_

qZklguo�d\Zabgvxlhgh\kdbo�Ze]hjblfh\�b�j_Zebam_lky� khhl\_lkl\mxsbf

\bjlmZevguf�f_lh^hf�deZkkZ�4XDVL1HZWRQ��Ihkdhevdm�ijb�ijZdlbq_kdhf

bkihevah\Zgbb�g_y\ghc�bl_jZpbhgghc�nhjfmeu�ij_^ihqlbl_evg__�j_rZlv

khhl\_lkl\mxsmx�ebg_cgmx�kbkl_fm��Z�g_�h[jZsZlv�Ziijhdkbfbjmxsmx

fZljbpm�� \� deZkk_�4XDVL1HZWRQ�ij_^mkfhlj_gu� Zevl_jgZlb\gu_�f_lh^u�

j_Zebamxsb_� \uqbke_gb_� gZijZ\e_gby� kimkdZ� b� bl_jZpbb� p_ebdhf� gZ

hkgh\_�aZ^Zgghc�fZljbpu�

H^gbf� ba� mkeh\bc� ijbf_g_gby� f_lh^Z� GvxlhgZ� b� _]h� kbevguf

h]jZgbq_gb_f� y\ey_lky� lj_[h\Zgb_� iheh`bl_evghc� hij_^_e_gghklb



���

]_kkbZgZ�� Ihwlhfm� gZ� ijZdlbd_� ijbf_gyxlky� jZaebqgu_� kihkh[u

ihkljh_gby�Ziijhdkbfbjmxs_c�fZljbpu�gZ�hkgh\_�\hafms_gby�]_kkbZgZ�

H^gbf�ba�gZb[he__�jZkijhkljZg_gguo�f_lh^h\�^Zggh]h�lbiZ�y\ey_lky�lZd

gZau\Z_fuc� fh^bnbpbjh\Zgguc� f_lh^� GvxlhgZ�� \� dhlhjhf� fZljbpZ

\u[bjZ_lky�dZd�H I f xk k
k= + ∇µ 2 ( ) �

DeZkk� 0RGLILHG1HZWRQ� j_Zebam_l� ^Zgguc� f_lh^�� hij_^_eyy

g_h[oh^bfu_� \bjlmZevgu_� ijhp_^mju� ^ey� \u[hjZ� iZjZf_ljh\� λ k �� µ k �

<u[hj� iZjZf_ljZ� µ k � hkms_kl\ey_lky� khhl\_lkl\mxsbf� f_lh^hf� deZkkZ

0RGLILHG1HZWRQ�� bkoh^y� ba� mkeh\by� iheh`bl_evghc� hij_^_e_gghklb

ZiijhdkbfZpbb�]_kkbZgZ�ijb�fbgbfZevghf�iZjZf_lj_�µ k > 0 �

F_lh^�\u[hjZ�rZ]Z� λ k �g_ihkj_^kl\_ggh�j_Zebam_lky�\�jh^bl_evkdhf

deZkk_� 'HVFHQW$OJRULWKP�� Ihkdhevdm� ^Zgguc� f_lh^� bkihevam_l

khhl\_lkl\mxsbc�Ze]hjblfbq_kdbc�h[t_dl�^ey�h^ghf_jghc�hilbfbaZpbb�

ih^h[gZy� ijh]jZffgZy� hj]ZgbaZpby� h[_ki_qb\Z_l� \hafh`ghklv

dhgkljmbjh\Zgby� dhf[bgbjh\Zgguo� Ze]hjblfh\�� khq_lZxsbo� \� ^Zgghf

kemqZ_� f_lh^� GvxlhgZ� k� ex[uf� ba� f_lh^h\� gZbkdhj_cr_]h� beb

wdhghfbqgh]h�kimkdZ��dhlhju_�h[km`^Zxlky�\�ij_^u^msbo�jZa^_eZo��Ijb

wlhf� g_� bkdexqZ_lky� \hafh`ghklv� i_j_hij_^_e_gby� wlh]h� f_lh^Z� b

ihkljh_gby� qZklguo� Ze]hjblfbq_kdbo� \ZjbZglh\�� LZd�� gZijbf_j�

deZkkbq_kdbc� \ZjbZgl� f_lh^Z� GvxlhgZ�� ij_^klZ\e_gguc� \� b_jZjobb

deZkkhf� 1HZWRQ�� j_Zebam_lky� \� j_amevlZl_� dhgkljmbjh\Zgby� qZklgh]h

ijhba\h^gh]h� deZkkZ� hl� 0RGLILHG1HZWRQ�� \� dhlhjhf� f_lh^u� \u[hjZ

iZjZf_ljh\�i_j_hij_^_e_gu�ljb\bZevguf�h[jZahf�λ k = 1 ��µ k = 0 �

JZkkfhlj_ggu_� \ur_� f_lh^u� hkgh\Zgu� gZ� ZgZeblbq_kdhf

\uqbke_gbb�]jZ^b_glZ�b� ]_kkbZgZ�nmgdpbhgZeZ��QZklh�gZ�ijZdlbd_�lZdb_

hi_jZpbb� hdZau\Zxlky� qj_af_jgh� ^hjh]bfb�� Z� bgh]^Z� b� ijhklh

g_\hafh`gufb�� Ihwlhfm� \� ih^b_jZjobx� d\Zabgvxlhgh\kdbo� f_lh^h\

\g_k_gu� deZkku� ^bkdj_lguo� f_lh^h\� GvxlhgZ� 'LVFUHWH1HZWRQ�

hkgh\Zggu_� gZ� ijhkl_crbo� dhg_qgh�jZaghklguo� ZiijhdkbfZpbyo

]_kkbZgZ�� DeZkk� 'LVFUHWH1HZWRQ�� j_Zebam_l� f_lh^� ZiijhdkbfZpbb

]_kkbZgZ�k�bkihevah\Zgb_f�ZgZeblbq_kdb�aZ^Zggh]h�]jZ^b_glZ

( )H
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DeZkk�'LVFUHWH1HZWRQ��ij_^hklZ\ey_l�^jm]hc�kihkh[�ZiijhdkbfZpbb

]_kkbZgZ�� hkgh\Zgguc� gZ� g_ihkj_^kl\_gghf� bkihevah\Zgbb� kZfh]h

nmgdpbhgZeZ
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<� deZkk_� 'LVFUHWH1HZWRQ� hij_^_e_gu� g_h[oh^bfu_� f_lh^u� ^ey

dhgkljmbjh\Zgby�\_dlhjZ�^ebg�rZ]Z� h ��IjZdlbq_kdbc�\u[hj�rZ]Z�h[uqgh

hkgh\u\Z_lky�gZ�ba\_klguo�hp_gdZo��bkihevamxsbo�dhgklZglu�fZrbgghc

Zjbnf_lbdb�

GZdhg_p�� \kihfgbf�� qlh� g_aZ\bkbfh� hl� dhgdj_lgh]h� kihkh[Z

ZiijhdkbfZpbb� ]_kkbZgZ� ^ey� \uqbke_gby� gvxlhgh\kdh]h� gZijZ\e_gby

g_h[oh^bfh� gZ� dZ`^hc� bl_jZpbb� �beb� k� lhc� beb� bghc� i_jbh^bqghklvx�

j_rZlv� khhl\_lkl\mxsmx� kbkl_fm� ebg_cguo� mjZ\g_gbc��<hh[s_� ]h\hjy�

j_r_gb_� ebg_cguo� kbkl_f�� hkh[_ggh� kbkl_f� \ukhdhc� jZaf_jghklb�

khklZ\ey_l� kZfhklhyl_evgmx� \uqbkebl_evgmx� ijh[e_fm�� ^ey� j_r_gby

dhlhjhc� fh]ml� ijbf_gylvky� ^hklZlhqgh� jZagu_� qbke_ggu_� ih^oh^u�

gZijbf_j�� ijyfu_� beb� bl_jZpbhggu_� f_lh^u�� Ijbq_f� ijb[eb`_ggh_

j_r_gb_� ebg_cguo� kbkl_f� \� f_lh^Zo� gvxlhgh\kdh]h� lbiZ� ghkbl

ijbgpbibZevguc� oZjZdl_j� b� hij_^_ey_l� ijZdlbq_kdb� \Z`gh_� k_f_ckl\h

lZd� gZau\Z_fuo� ©mk_q_gguoª� Ze]hjblfh\� >�@�� >ey� mgbnbpbjh\Zgghc

ijh]jZffghc� j_ZebaZpbb� \k_o� Ze]hjblfbq_kdbo� \hafh`ghkl_c� j_r_gby

ebg_cguo� kbkl_f� \� b_jZjobx� \\_^_g� ki_pbZevguc� jh^bl_evkdbc� deZkk

7UXQFDWHG1HZWRQ�� <� ^Zgghf� deZkk_� hij_^_e_gZ� kkuedZ� gZ

Ze]hjblfbq_kdbc� h[t_dl� deZkkZ� /LQHDU6\VWHP$OJRULWKP� b� j_Zebah\Zgu

g_h[oh^bfu_� f_lh^u� mklZgh\db� Ze]hjblfZ�� ij_^gZagZq_ggh]h� ^ey

j_r_gby�ebg_cguo�kbkl_f�

�����DeZkk�f_lh^h\�k_dmsbo�6HFDQW8SGDWH

<Z`gmx� ]jmiim� d\Zabgvxlhgh\kdbo� f_lh^h\� h[jZamxl� f_lh^u

k_dmsbo�� ij_^klZ\e_ggu_� \� b_jZjobb� deZkkhf� 6HFDQW8SGDWH�� F_lh^u

k_dmsbo� ijbf_gyxl� ZiijhdkbfZpbx� ]_kkbZgZ� k� bkihevah\Zgb_f� y\guo

nhjfme� dhjj_dpbb� \b^Z� H Hk k k+ = +1 ∆ �� <� dZq_kl\_� fZljbp� dhjj_dpbb� ∆ k

h[uqgh� bkihevamxlky� fZehjZg]h\u_� kbff_ljbqgu_� ij_h[jZah\Zgby�� qlh

iha\hey_l� wnn_dlb\gh� ijbf_gylv� ba\_klgu_� nhjfmeu� i_j_kq_lZ� ijb

h[jZs_gbb� beb� nZdlhjbaZpbb� ]_kkbZgZ�� >ey� h[_ki_q_gby� ]eh[Zevghc

koh^bfhklb� bkihevam_lky� hilbfZevguc� \u[hj� rZ]Z� λ k �� Z� lZd`_� i_jbh�

^bq_kdh_�h[gh\e_gb_�bl_jZpbhggh]h�ijhp_kkZ��>ey�wlh]h�ihke_�dZ`^uo� p

bl_jZpbc� \� dZq_kl\_� gZqZevghc� lhqdb� x p +1 � \u[bjZ_lky� ihke_^gyy

ihemq_ggZy�lhqdZ� x p ��Z�\�dZq_kl\_�h[gh\e_gghc�fZljbpu� H p +1 �\u[bjZ_lky

i_j\hgZqZevgZy�fZljbpZ� H0 ��Ijhkl_crbf�kihkh[hf�h[gh\e_gby�y\ey_lky

\u[hj�\�dZq_kl\_�H0 �_^bgbqghc�fZljbpu�

Ij_^iheh`bf�� qlh� deZkk� 6HFDQW8SGDWH� hij_^_ey_l� qbklh

\bjlmZevguc� f_lh^� \uqbke_gby� dhjj_dpbb� ∆ k � b� j_Zebam_l� f_lh^u

mklZgh\db�rZ]Z� p � b�fZljbpu� h[gh\e_gby� H0 ��f_lh^u� i_j_kq_lZ�fZljbp

Hk
−1 �b�bo�nZdlhjbaZpbc�b�f_lh^�\uqbke_gby�bl_jZpbb��Lh]^Z�j_ZebaZpby



���

qZklguo� f_lh^h\� k_dmsbo� deZkkZ� 6HFDQW8SGDWH� fh`_l� [ulv� k\_^_gZ� d

hij_^_e_gbx�ebrv�h^gh]h�f_lh^Z�\uqbke_gby�kZfhc�dhjj_dpbb�

F_lh^u�k_dmsbo�ij_^klZ\e_gu�\�b_jZjobb�deZkkZfb�f_lh^Z�IZmweeZ±

;jhc^_gZ�3RZHOO%UR\GHQ��h[h[s_ggh]h�f_lh^Z�;jhc^_gZ�*HQHULF%UR\GHQ�

f_lh^Z� kbff_ljbqghc� h^ghjZg]h\hc� fh^bnbdZpbb� 8QL5DQN8SGDWH�

f_lh^Z� >Z\b^hgZ±Ne_lq_jZ±IZmweeZ� 'DYLGRQ)OHWFKHU3RZHOO� b� f_lh^Z

;jhc^_gZ±Ne_lq_jZ±=hev^nZj[Z±RZggh

%UR\GHQ)OHWFKHU*ROGIDUE6KDQQR�

DeZkk� 3RZHOO%UR\GHQ� j_Zebam_l� kbff_ljbqgmx� nhjfmem� dhjj_dpbb

jZg]Z�^\Z

∆ k
k k k k

T
k k k k

T

k
T

k

k k k k k k
T

k
T

k

H H H
= − + − −
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γ δ δ δ γ δ
δ δ

γ δ δ δ δ
δ δ 2

�

]^_�δ k
k kx x= −+1 �� γ k

k kf x f x= ∇ − ∇+( ) ( )1 �

DeZkk�8QL5DQN8SGDWH�ij_^hklZ\ey_l�Ze]hjblfbq_kdmx�\hafh`ghklv

kbff_ljbqghc�h^ghjZg]h\hc�dhjj_dpbb

∆ k
k k k k k k

T

k k k
T

k

H H

H
= − −

−
( )( )

( )

γ δ γ δ
γ δ δ

�

H[_� ijb\_^_ggu_� nhjfmeu� khojZgyxl� kbff_ljbqghklv

ZiijhdkbfZpbb� ]_kkbZgZ�� qlh� y\ey_lky�� [_amkeh\gh�� \Z`guf� ^ey

wnn_dlb\gh]h� ijZdlbq_kdh]h� bkihevah\Zgby�� <f_kl_� k� l_f�� ohjhrh

ba\_klgu� kbff_ljbqgu_� nhjfmeu� dhjj_dpbb�� khojZgyxsb_� b

iheh`bl_evgmx� hij_^_e_gghklv� ZiijhdkbfZpbb� ]_kkbZgZ�� JZkkfhljbf

gZb[he__�ba\_klgu_�ba�gbo�

DeZkk� 'DYLGRQ)OHWFKHU3RZHOO� j_Zebam_l� h[jZlgmx� iheh`bl_evgh

hij_^_e_ggmx�nhjfmem�k_dmsbo�jZg]Z�^\Z

∆ k
k k k k

T
k k k k

T

k
T

k

k k k k k k
T

k
T

k

H H H
= − + − −

−( ) ( ) ,

( )

γ δ γ γ γ δ
γ δ

γ δ δ γ γ
γ δ 2

�

NhjfmeZ� khojZgy_l� iheh`bl_evgmx� hij_^_e_gghklv� fZljbpu� Hk +1 �

_keb�lhevdh�fZljbpZ�Hk �[ueZ�iheh`bl_evgh�hij_^_e_gZ�b� γ δk
T

k > 0 �

DeZkk� %UR\GHQ)OHWFKHU*ROGIDUE6KDQQR� j_Zebam_l� bgmx

iheh`bl_evgh�hij_^_e_ggmx�nhjfmem�dhjj_dpbb�jZg]Z�^\Z

∆ k
k k

T

k
T

k

k k k
T

k

k
T

k k

H H

H
= −γ γ

γ δ
δ δ

δ δ
�

>Zgguc�f_lh^�ohjhrh�aZj_dhf_g^h\Ze�k_[y�\h�fgh]bo�ijZdlbq_kdbo

ijbeh`_gbyo� b� ijbagZg� h^gbf� ba� gZb[he__� wnn_dlb\guo� f_lh^h\

k_dmsbo�

<� aZdexq_gb_� jZa^_eZ� ijb\_^_f� _s_� h^gm� nhjfmem� k_dmsbo�

ij_^eh`_ggmx�;jhc^_ghf



���
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]^_� ϕ � ²� g_dhlhjuc� iZjZf_lj� f_lh^Z�� >ZggZy� nhjfmeZ� y\ey_lky

h[h[s_gb_f� jZkkfhlj_gguo� \ur_� f_lh^h\� b� \dexqZ_l� \� k_[y� nhjfmem

>Z\b^hgZ±Ne_lq_jZ±IZmweeZ� ijb� ϕ = 0 �� nhjfmem� ;jhc^_gZ±Ne_lq_jZ±

=hev^nZj[Z±RZggh� ijb� ϕ = 1� b� nhjfmem� kbff_ljbqghc� h^ghjZg]h\hc

dhjj_dpbb� ijb� ϕ δ δ δ δ δ γ= −k
T

k k k
T

k k k
T

kH H( ) �� H[h[s_gguc� f_lh^� ;jhc^_gZ

j_Zebam_lky� deZkkhf� b_jZjobb� *HQHULF%UR\GHQ�� dhlhjuc� y\ey_lky

jh^bl_evkdbf� ^ey� jZkkfhlj_gguo� \ur_� deZkkh\� 8QL5DQN8SGDWH�

'DYLGRQ)OHWFKHU3RZHOO�� %UR\GHQ)OHWFKHU*ROGIDUE6KDQQR�� <� bgl_jn_ck_

deZkkZ� *HQHULF%UR\GHQ� ij_^mkfhlj_g� \bjlmZevguc� f_lh^� \uqbke_gby

iZjZf_ljZ� ϕ �� JZkkfhlj_ggu_� \ur_� qZklgu_� deZkku� f_lh^h\� k_dmsbo

j_Zebamxlky� iml_f� i_j_hij_^_e_gby� f_lh^Z� \uqbke_gby� ^Zggh]h

iZjZf_ljZ�� AZf_lbf�� qlh� ^ey� wnn_dlb\ghc� j_ZebaZpbb� p_e_khh[jZag__

i_j_hij_^_eblv�g_�f_lh^�\uqbke_gby�iZjZf_ljZ��Z�kZf�f_lh^�\uqbke_gby

dhjj_dpbb�� Ij_^eh`_gguc� ih^oh^� d� ijh]jZffghc� j_ZebaZpbb

h[_ki_qb\Z_l�h[_�hlf_q_ggu_�\hafh`ghklb�

�����DeZkk�f_lh^h\�khijy`_gguo�gZijZ\e_gbc

&RQMXJDWH'LUHFWLRQV

<Z`gh_�f_klh�\�l_hjbb�hilbfbaZpbb�aZgbfZxl�f_lh^u�khijy`_gguo

gZijZ\e_gbc�� <� kemqZ_� d\Z^jZlbqguo� nmgdpbc� ^Zggu_� f_lh^u

h[_ki_qb\Zxl�koh^bfhklv�d�j_r_gbx�aZ�dhg_qgh_�qbkeh�rZ]h\��<�k\yab�k

wlbf� hij_^_e_gguc� ijZdlbq_kdbc� b� l_hj_lbq_kdbc� bgl_j_k� ijbh[j_lZ_l

ijbf_g_gb_� ^Zgguo� f_lh^h\� ^ey� ijhba\hevguo� g_ebg_cguo

nmgdpbhgZeh\�� :[kljZdlguc� deZkk� &RQMXJDWH'LUHFWLRQV�� gZke_^m_fuc

g_ihkj_^kl\_ggh�hl�deZkkZ�2SWLPL]DWLRQ0XOWL9DULDWH$OJRULWKP��j_Zebam_l

h[h[s_gguc� \ZjbZgl� f_lh^Z� khijy`_gguo� gZijZ\e_gbc�� AZ^Zgb_

gZqZevgh]h� ijb[eb`_gby� b� \uqbke_gb_� bl_jZpbb� ijhbkoh^bl� \

khhl\_lkl\bb� k� h[s_c� ko_fhc�� j_Zebam_fhc� deZkkhf

2SWLPL]DWLRQ0XOWL9DULDWH$OJRULWKP��<u[hj�^ebgu�rZ]Z�gZ�hkgh\_�ijZ\be

gZbkdhj_cr_]h� beb� wdhghfbqgh]h� kimkdZ� lZd`_� hkms_kl\ey_lky

jh^bl_evkdbf�deZkkhf�

<� deZkk_� &RQMXJDWH'LUHFWLRQV� hij_^_e_g� \bjlmZevguc� f_lh^

\uqbke_gby� hq_j_^gh]h� g_aZ\bkbfh]h� gZijZ\e_gby� pk +1 � gZ� hkgh\_

ke_^mxs_]h�j_dmjj_glgh]h�khhlghr_gby�

p g pk k
k

k+ += − +1 1 β �



���

J_ZebaZpby� ^Zggh]h� f_lh^Z� hkgh\ZgZ� gZ� \kihfh]Zl_evghf

\bjlmZevghf� f_lh^_� dhgkljmbjh\Zgby� ]jZ^b_glgh]h� gZijZ\e_gby

g f xk k+ += ∇1 1( ) � b� qbklh� \bjlmZevghf� f_lh^_� jZkq_lZ� dhwnnbpb_glZ� βk �

dhgdj_lbabjm_fhf� \� gZke_^m_fuo� deZkkZo��>ey� h[_ki_q_gby� ]eh[Zevghc

koh^bfhklb� f_lh^h\� khijy`_gguo� gZijZ\e_gbc� \� deZkk_

&RQMXJDWH'LUHFWLRQV� hij_^_e_gu� b� j_Zebah\Zgu� g_h[oh^bfu_� f_lh^u

mklZgh\db� i_jbh^Z� h[gh\e_gby� bl_jZpbc� b� \u[hjZ� gZqZevgh]h

gZijZ\e_gby�i_j_f_s_gby� p f x0 0= −∇ ( ) �

<� ij_^eZ]Z_fhc� b_jZjobb� f_lh^u� khijy`_gguo� gZijZ\e_gbc

ij_^klZ\e_gu� f_lh^hf� >wgbweZ�� \ZjbZglZfb�Ne_lq_jZ±Jb\aZ� b� IheZdZ±

Jb[v_jZ�� f_lh^hf� iZjZee_evguo� dZkZl_evguo� b� f_lh^Zfb� Jha_g[jhdZ� b

IZmweeZ�� j_Zebam_fuo� deZkkZfb� 'DQLHO�� )OHWFKHU5HHYHV�� 3RODN5LELHUH�

3DUDOOHO7DQJHQWV��5RVHQEURFN�b�3RZHOO�khhl\_lkl\_ggh�

J_ZebaZpby� deZkkh\� k\h^blky� d� ijh]jZffbjh\Zgbx� f_lh^Z� jZkq_lZ

dhwnnbpb_glZ� j_dmjj_glghc� nhjfmeu� βk �� <� Ze]hjblf_� >wgbweZ� 'DQLHO

f_lh^�\uqbke_gby�dhwnnbpb_glZ�hkgh\u\Z_lky�gZ�nhjfme_

βk
k k T k k k T kg g p g p p= − ′ ′+ +(( ) ) (( ) )1 1 �

\� dhlhjhc� g_h[oh^bfh� bkihevam_lky� ]_kkbZg� nmgdpbhgZeZ�� >Zggh]h

g_^hklZldZ�ebr_gu�\ZjbZglu�Ne_lq_jZ±Jb\aZ�b�IheZdZ±Jb[v_jZ��dhlhju_

j_Zebamxlky� ZgZeh]bqguf� h[jZahf�� Ihkdhevdm� hkgh\gu_� f_lh^u

\uqbke_gbc�j_Zebamxlky�m`_�\�jh^bl_evkdhf�deZkk_�&RQMXJDWH'LUHFWLRQV�

\� deZkkZo� )OHWFKHU5HHYHV�� 3RODN5LELHUH� ebrv� dhgdj_lbabjmxlky� f_lh^u

\uqbke_gby�dhwnnbpb_glh\�βk �gZ�hkgh\_�khhl\_lkl\mxsbo�nhjfme�

βk

k T k

k T k

g g

g g
=

+ +( )

( )

1 1

�����b�����βk

k T k k

k T k

g g g

g g
= −+ +( ) ( )

( )

1 1

�

AZf_lbf�� qlh� \k_� jZkkfhlj_ggu_� \ur_� f_lh^u� khijy`_gguo

gZijZ\e_gbc� ih� kms_kl\m� y\eyxlky� h[h[s_gbyfb� f_lh^Z� khijy`_gguo

]jZ^b_glh\� b� Z\lhfZlbq_kdb� k\h^ylky� d� g_fm� \� kemqZ_� d\Z^jZlbqguo

nmgdpbhgZeh\��L_f�g_�f_g__��kms_kl\mxl�f_lh^u��dhlhju_�g_�k\h^ylky�d

f_lh^m� khijy`_gguo� ]jZ^b_glh\�� ohly� b� ghkyl� q_jlu� koh^kl\Z� k

ij_^u^msbfb� Ze]hjblfZfb�� D� qbkem� lZdbo� f_lh^h\� ke_^m_l� hlg_klb�

ij_`^_� \k_]h�� f_lh^u� Jha_g[jhdZ� b� IZmweeZ�� j_Zebam_fu_� deZkkZfb

5RVHQEURFN�b�3RZHOO�

H[km^bf� \hafh`ghklb� h[t_dlghc� j_ZebaZpbb� ^Zgguo� f_lh^h\� gZ

ijbf_j_�[he__�agZqbfh]h�f_lh^Z�IZmweeZ��<�Ze]hjblf_�aZ^Z_lky�gZqZevgZy

lhqdZ� x0 � b� n � ebg_cgh� g_aZ\bkbfuo� gZijZ\e_gbc� S S S
Q� �� � ���� �� <

ijhkl_cr_f� kemqZ_� aZ^Zxlky� gZijZ\e_gby� dhhj^bgZlguo� hk_c�� >Ze__

\uqbkey_lky� ihke_^h\Zl_evghklv� lhq_d� [ [ [
Q� �� � ��� � � iml_f

ihke_^h\Zl_evgh]h�j_r_gby�h^ghf_jguo�fbgbfbaZpbhgguo�aZ^Zq��dZd�b�\

h[s_c� ko_f_� f_lh^h\� khijy`_gguo� gZijZ\e_gbc�� AZl_f� kbkl_fZ



���

gZijZ\e_gbc� fh^bnbpbjm_lky� iml_f� i_j_hij_^_e_gby� h^gh]h� ba

gZijZ\e_gbc�� \� dhlhjhf� nmgdpbhgZe� [ue� fbgbfbabjh\Zg� gZbf_g__

mki_rgh�� >ey� wlh]h� ZgZebabjmxlky� ihke_^h\Zl_evgu_� jZaghklb

f x f xi i( ) ( )− −1 �� L Q= �� ��� � �� Ke_^mxsb_� bl_jZpbb� ijhoh^yl� \� h[gh\e_gghc

kbkl_f_� gZijZ\e_gbc�� >ey� j_ZebaZpbb� deZkkZ� 3RZHOO� ^hklZlhqgh

hij_^_eblv� f_lh^u� mklZgh\db�� ih^^_j`db� b� fh^bnbdZpbb� kbkl_fu

gZijZ\e_gbc�� Z� lZd`_� i_j_hij_^_eblv� f_lh^� \uqbke_gby� hkgh\ghc

bl_jZpbb�� L_f� `_� kZfuf� h[jZahf� hkms_kl\ey_lky� ijh]jZffbjh\Zgb_

deZkkZ�5RVHQEURFN�

�����DeZkk�j_eZdkZpbhgguo�f_lh^h\�5HOD[DWLRQ

J_eZdkZpbhggu_�f_lh^u�hlghkylky�d�]jmii_�f_lh^h\�hilbfbaZpbb��g_

bkihevamxsbo� y\gh� ijhba\h^gu_�� b�� dZd� ijZ\beh�� ijbf_gyxlky� \� l_o

kemqZyo�� dh]^Z� hilbfbabjm_fZy� nmgdpby� g_^bnn_j_gpbjm_fZ� b

g_\hafh`gh� \uqbkeblv� ]jZ^b_gl� beb� km[]jZ^b_gl�� >jm]hc� kblmZpb_c�

[eZ]hijbylghc�^ey�ijbf_g_gby�j_eZdkZpbhgguo�f_lh^h\��y\ey_lky�keZ[Zy

aZ\bkbfhklv� dhfihg_gl� j_r_gby�f_`^m� kh[hc�� J_eZdkZpbhgguc� ijhp_kk

hlghkbl_evgh� e_]dh� j_Zebam_lky�� h^gZdh� fh`_l� ijb\h^blv� d� k_jv_aguf

ijh[e_fZf�� k\yaZgguf� k� h[_ki_q_gb_f� dZd� ]eh[Zevghc�� lZd� b� ehdZevghc

koh^bfhklb�

:[kljZdlguc� deZkk� 5HOD[DWLRQ� j_Zebam_l� h[h[s_gguc

j_eZdkZpbhgguc� ijhp_kk�� :e]hjblf� klZjlm_l� ba� gZqZevghc� lhqdb� x0 � b

ihke_^h\Zl_evgh�fbgbfbabjm_l�nmgdpbhgZe�ih�h^ghc�ba�i_j_f_gguo�ijb

nbdkbjh\Zgbb�hklZevguo��bkihevamy�h^bg�ba�h^ghf_jguo�Ze]hjblfh\�

>ey� mgbnbpbjh\Zgghc� j_ZebaZpbb� ^Zggh]h� Ze]hjblfbq_kdh]h

k_f_ckl\Z�\�bgl_jn_ck_�deZkkZ�5HOD[DWLRQ�hij_^_e_gu�qbklh�\bjlmZevgu_

f_lh^u� \u[hjdb� l_dms_c� b� nbdkbjm_fuo� dhfihg_gl� ijb[eb`_ggh]h

j_r_gby� b� f_lh^� i_j_kq_lZ� ijb[eb`_ggh]h� j_r_gby� ijb� i_j_oh^_� d

ke_^mxs_c�bl_jZpbb��Hkgh\gZy�bl_jZpby�g_ihkj_^kl\_ggh�j_Zebam_lky�\

^Zgghf� deZkk_�� J_eZdkZpbhggu_� f_lh^u� ih^jZa^_eyxlky� gZ� f_lh^u

ihke_^h\Zl_evghc� \_jog_c� j_eZdkZpbb� �I<J�� deZkkZ

6XFFHVLYH2YHU5HOD[DWLRQ� b� f_lh^u� [ukljhc� j_eZdkZpbb� deZkkZ

)DVW5HOD[DWLRQ�

DeZkk� 6XFFHVLYH2YHU5HOD[DWLRQ� j_Zebam_l� pbdebq_kdbc

ihke_^h\Zl_evguc� \u[hj� dhfihg_gl� j_r_gby�� hlghkbl_evgh� dhlhjuo

ijh\h^blky� h^ghf_jgZy� fbgbfbaZpby�� <� dZq_kl\_� nbdkbjm_fuo

dhfihg_gl� [_jmlky� khhl\_lkl\mxsb_� dhfihg_glu� l_dms_]h� j_r_gby� gZ

iheghc� bl_jZpbb� x �� Z� ke_^mxs__� ijb[eb`_gb_� i_j_kqblu\Z_lky� ih

nhjfme_�� x x x xk k k+ = + −1 ω ( ) �� <u[hj� iZjZf_ljZ� j_eZdkZpbb� ω
hij_^_ey_lky� khhl\_lkl\mxsbf� \bjlmZevguf� f_lh^hf� deZkkZ�

DeZkkbq_kdbc�f_lh^�=ZmkkZ±A_c^_ey�*DXVV6HLGHO�j_Zebam_lky�dZd�qZklguc



���

gZke_^m_fuc� deZkk� 6XFFHVLYH2YHU5HOD[DWLRQ�� \� dhlhjhf� f_lh^� \u[hjZ

j_eZdkZpbhggh]h�iZjZf_ljZ�i_j_hij_^_e_g�ljb\bZevguf�h[jZahf�ω = 1�

H^gbf� ba� kihkh[h\� memqr_gby� ihke_^h\Zl_evgh]h� j_eZdkZpbhggh]h

ijhp_kkZ� y\ey_lky� \u[hj� hilbfbabjm_fuo� dhfihg_gl�g_� \� _kl_kl\_gghf

ihjy^d_�� Z� \� ihjy^d_�� khhl\_lkl\mxs_f� kZfhc� \ukhdhc� Z[khexlghc

dhfihg_gl_� ]jZ^b_glZ�� >Zgguc� Ze]hjblf� j_Zebam_lky� deZkkhf

)DVW5HOD[DWLRQ�� \� dhlhjhf� i_j_hij_^_ey_lky� f_lh^� \u[hjZ� hq_j_^ghc

dhfihg_glu�j_r_gby��hlghkbl_evgh�dhlhjhc�hkms_kl\ey_lky�h^ghf_jgZy

hilbfbaZpby�

�����DeZkk�f_lh^h\�g_ebg_cghc�d\Z^jZlbqghc

hilbfbaZpbb

H^ghc� ba� qZklguo� aZ^Zq� g_ebg_cghc� hilbfbaZpbb� y\ey_lky

g_ebg_cgZy� aZ^ZqZ� h� gZbf_gvrbo� d\Z^jZlZo�� khklhysZy� \� fbgbfbaZpbb

d\Z^jZlbqgh]h� nmgdpbhgZeZ� ki_pbZevgh]h� \b^Z� g x F x F xT( ) ( ) ( )= 1
2 �� >ey

j_r_gby� ^Zggh]h� deZkkZ� aZ^Zq� fh`_l� ijbf_gylvky� ex[hc� ba� f_lh^h\

fgh]hf_jghc� hilbfbaZpbb�� jZkkfhlj_gguo� \ur_�� Ijbq_f� ij_^eZ]Z_fZy

kbkl_fZ� deZkkh\� iha\hey_l� wlh� hkms_kl\blv� b� ijh]jZffguf� h[jZahf�

ihkdhevdm� \�nmgdpbhgZevghc� b_jZjobb� deZkk� g_ebg_cguo� d\Z^jZlbqguo

nmgdpbc� 1RQOLQHDU4XDGUDWLF)XQFWLRQ� gZke_^m_lky� hl� deZkkZ� ijhba\hev�

guo�nmgdpbc�g_kdhevdbo�i_j_f_gguo�6FDODU0XOWL9DULDWH)XQFWLRQ�

<f_kl_� k� l_f�� kms_kl\mxl� [he__� wnn_dlb\gu_� ih^oh^u� d� j_r_gbx

aZ^Zq�^Zggh]h�deZkkZ��H^bg�ba�gbo�khklhbl�\�ijbf_g_gbb�f_lh^Z�GvxlhgZ

d� ]jZ^b_glghfm� mjZ\g_gbx� ^ey� wdklj_fmfZ� d\Z^jZlbqgh]h� nmgdpbhgZeZ

′ = ′ =g x F x F xT( ) ( ) ( ) 0 ��>Zgguc�ih^oh^�ijb\h^bl�d�bl_jZpbb

[ ]x x F x F x F x F x F x F xk k
k

k k k T k k T k+ −
= − ′′ + ′ ′ ′1 1

ω ( ) ( ) ( ) ( ) ( ) ( )

b�ij_^klZ\e_g�\�b_jZjobb�deZkkhf�4XDGUDWLF2SWLPL]DWLRQ1HZWRQ��>Zgguc

deZkk�gZke_^m_lky�hl�deZkkZ�1RQOLQHDU4XDGUDWLF2SWLPL]DWLRQ$OJRULWKP�b

bkihevam_l�_]h�f_lh^u�^hklmiZ�d�kZfhc�d\Z^jZlbqghc�nmgdpbb� g x( ) �b�d�__

nmgdpbhgZevghc�dhfihg_gl_� F x( ) �

>jm]Zy� \hafh`ghklv� aZdexqZ_lky� \� ijbf_g_gbb� f_lh^Z� GvxlhgZ

g_ihkj_^kl\_ggh� d� kbkl_f_� mjZ\g_gbc� F x( ) = 0 �� qlh� ijb\h^bl� d� f_lh^m

=ZmkkZ±GvxlhgZ�� ij_^klZ\e_gghfm� \� b_jZjobb� deZkkhf� *DXVV1HZWRQ�

H[h[s_gguc� \ZjbZgl� f_lh^Z� deZkkZ� 0RGLILHG*DXVV1HZWRQ� \ujZ`Z_lky

ke_^mxs_c�nhjfmehc

[ ]x x F x F x I F x F xk k
k

k T k
k

k T k+ −
= − ′ ′ + ′1 1

ω λ( ) ( ) ( ) ( ) �

DZd� b� \� f_lh^Zo� gvxlhgh\kdh]h� lbiZ�� agZq_gb_� iZjZf_ljZ� ω k

hij_^_ey_lky� iml_f� fbgbfbaZpbb� nmgdpbhgZeZ� \� jZkkqblZgghf



���

gZijZ\e_gbb� kimkdZ�� Z� agZq_gb_� λ k � \u[bjZ_lky� ^hklZlhqgh� [hevrbf�

qlh[u� h[_ki_qblv� iheh`bl_evgmx� hij_^_e_gghklv� ZiijhdkbfZpbb

ydh[bZgZ�hlh[jZ`_gby� F x( ) �

QZklgu_� deZkku� *DXVV1HZWRQ�� 'DPSHG*DXVV1HZWRQ� b

/HYHQEHUJ0DUTXDUGW� hij_^_eyxl� hkgh\ghc�� ^_finbjh\Zgguc� \ZjbZgl

f_lh^Z�=ZmkkZ±GvxlhgZ�b�f_lh^�E_\_g[_j]Z±FZjd\ZjlZ��j_Zebam_fu_�ijb

qZklghf�\u[hj_�iZjZf_ljh\�ω k = 1 ��λ k = 1��λ k = 0 �b�ω k = 1 �

Ihkljh_gb_� ^Zgguo� deZkkh\� iheghklvx� ZgZeh]bqgh� jZkkfhlj_gghc

\ur_�hj]ZgbaZpbb�deZkkh\��j_Zebamxsbo�f_lh^u�gvxlhgh\kdh]h�lbiZ�

���J_amevlZlu�ijh_dlbjh\Zgby�b�j_ZebaZpbb

fZl_fZlbq_kdhc�h[t_dlgh�hjb_glbjh\Zgghc�[b[ebhl_db

LZdbf� h[jZahf�� jZkkfhlj_gu� hkgh\gu_� j_amevlZlu� h[t_dlghc

kbkl_fZlbaZpbb� b� deZkkbnbdZpbb� aZ^Zq� b� f_lh^h\� g_ebg_cghc

[_amkeh\ghc�hilbfbaZpbb��Ij_^eh`_ggZy�nmgdpbhgZevgZy�deZkkbnbdZpby

\dexqZ_l� hkgh\gu_� lbiu� fZl_fZlbq_kdbo� nmgdpbc� b� hij_^_ey_l

bf_xs__ky�fgh]hh[jZab_� ihklZgh\hd� aZ^Zq� hilbfbaZpbb�� JZajZ[hlZggZy

Ze]hjblfbq_kdZy� deZkkbnbdZpby� ho\Zlu\Z_l� gZb[he__� \Z`gu_� k_f_ckl\Z

f_lh^h\�hilbfbaZpbb��ij_^gZagZq_gguo�^ey�j_r_gby�dZd�h^ghf_jguo��lZd

b� fgh]hf_jguo� aZ^Zq�� <hijhk� h� \dexq_gbb� \� deZkkbnbdZpbx� lh]h� beb

bgh]h�f_lh^Z�j_rZeky�^hklZlhqgh�km[t_dlb\gh�²�gZ�hkgh\_�gZr_c�hp_gdb

_]h� ijZdlbq_kdhc� p_gghklb� b� lhc� f_lh^heh]bq_kdhc� jheb�� dhlhjmx� hg

b]jZ_l�\� kZfhc� l_hjbb� hilbfbaZpbb��?kl_kl\_ggh��qlh�fgh]b_�ba\_klgu_

hilbfbaZpbhggu_� Ze]hjblfu� hdZaZebkv� h[hc^_ggufb� \� oh^_� h[t_dlgh]h

ZgZebaZ��L_f�g_�f_g__��jZa\blb_�ihkljh_gghc�deZkkbnbdZpbb�fh`_l�[ulv

ijh^he`_gh�_kl_kl\_gguf�iml_f�gZ�hkgh\_�\dexq_gby�\�__�b_jZjobq_kdmx

kljmdlmjm�^jm]bo�f_lh^h\�b�Ze]hjblfh\�

JZajZ[Zlu\Z_fZy� kljmdlmjZ� h[t_dlghc� deZkkbnbdZpbb� ^himkdZeZ

^h\hevgh� rbjhdh_� fgh`_kl\h� ijb_fe_fuo� ijh_dlguo� j_r_gbc�� <

dhg_qghf� kq_l_�� hgZ� hij_^_eyeZkv� ihke_^h\Zl_evghklvx� l_o

fZl_fZlbq_kdbo��\uqbkebl_evguo�b�ijh]jZffguo� k\hckl\� m� \u^_e_gguo

]jmii� nmgdpbhgZevguo� b� Ze]hjblfbq_kdbo� h[t_dlh\�� dhlhju_

ijbgbfZebkv�\�dZq_kl\_�deZkkbnbdZpbhgguo�djbl_jb_\��<Z`gh�aZf_lblv�

qlh� lj_[h\Zgb_� eh]bq_kdhc� hj]ZgbaZpbb� deZkkh\hc� b_jZjobb�

ij_^iheZ]Zxs__� kljh]h_� kh[ex^_gb_� hlghr_gbc� h[sghklb� f_`^m

gZke_^m_fufb� deZkkZfb� h[t_dlh\�� b� klj_fe_gb_� d� __� hilbfZevghc

ijh]jZffghc�j_ZebaZpbb�qZklh�dhgnebdlh\Zeb�f_`^m�kh[hc�

GZ]ey^guf� ijbf_jhf� fh`_l� kem`blv� \\_^_gb_� \� b_jZjobx� f_lh^Z

;jhc^_gZ� deZkkZ� *HQHULF%UR\GHQ�� h[h[sZxs_]h� ljb� jZaebqguo� f_lh^Z

i_j_kq_lZ� k_dmsbo� deZkkh\� 8QL5DQN8SGDWH�� 'DYLGRQ)OHWFKHU3RZHOO� b

%UR\GHQ)OHWFKHU*ROGIDUE6KDQQR��K�fZl_fZlbq_kdhc� lhqdb� aj_gby�f_lh^
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;jhc^_gZ�^_ckl\bl_evgh�y\ey_lky�h[uqguf�iZjZf_ljbq_kdbf�h[h[s_gb_f

i_j_qbke_gguo�f_lh^h\�b�deZkk�*HQHULF%UR\GHQ�ke_^m_l�jZkkfZljb\Zlv�\

dZq_kl\_� jh^bl_evkdh]h� ^ey� qZklguo� deZkkh\� f_lh^h\� k_dmsbo�

Ijh]jZffgh�j_Zebah\Z\�deZkk�*HQHULF%UR\GHQ��fu�fh`_f�ihkljhblv�\k_

hklZevgu_� deZkku� iml_f� ljb\bZevgh]h� i_j_hij_^_e_gby� _^bgkl\_ggh]h

f_lh^Z� \uqbke_gby� iZjZf_ljZ�� <f_kl_� k� l_f�� hibkZggmx� ijh]jZffgmx

j_ZebaZpbx�\jy^�eb�klhbl�kqblZlv�hilbfZevghc�^ey�qZklguo�gZke_^m_fuo

deZkkh\��<h�i_j\uo�� hgZ� ijb\_eZ� d� ba[ulhqghfm� ojZg_gbx� ^Zgguo�²� \

^Zgghf�kemqZ_�iZjZf_ljZ�f_lh^Z��<h�\lhjuo��bkihevah\Zgb_�h[h[s_gghc

fZl_fZlbq_kdhc� nhjfmeu� f_lh^Z� ;jhc^_gZ� k� dhgdj_lbaZpb_c� agZq_gby

iZjZf_ljZ� djZcg_� g_wnn_dlb\gh� ^ey� qZklguo� f_lh^h\�� GZijbf_j�� ^ey

f_lh^Z�kbff_ljbqghc�h^ghjZg]h\hc�fh^bnbdZpbb�deZkkZ�8QL5DQN8SGDWH

^ZggZy� nhjfmeZ� fh]eZ� [u� [ulv� kms_kl\_ggh� mijhs_gZ�� Z� ]eZ\gh_�

iha\hebeZ� [u� ijb� i_j_kq_l_� hldZaZlvky� hl� ^\mojZg]h\hc� fh^bnbdZpbb�

ijbkms_c�f_lh^m�;jhc^_gZ�

<kydbc�jZa��dh]^Z�\hagbdZeb�ih^h[gu_�ijhlb\hj_qby�fu� jZaj_rZeb

bo� \k_� `_� \� klhjhgm� dhgp_ilmZevghc� eh]bq_kdhc� p_ehklghklb

jZajZ[Zlu\Z_fhc� h[t_dlghc� deZkkbnbdZpbb��Ijb� wlhf� \�i_j\mx� hq_j_^v

ij_ke_^h\ZeZkv�p_ev�h[_ki_qblv�gZ]ey^ghklv�b�kfukeh\mx�gZiheg_gghklv

deZkkbnbdZpbb�� ^_eZxsbo� __� ijb\e_dZl_evghc� ^ey� ihl_gpbZevguo

ihevah\Zl_e_c��d�qbkem�dhlhjuo�\�wlhf�kemqZ_�fh`gh�[ueh�[u�hlg_klb�b

fZl_fZlbdh\�� ijhn_kkbhgZevgh� g_� \eZ^_xsbo� ijh]jZffbjh\Zgb_f�

<f_kl_� k� l_f�� ZgZebabjh\Zebkv� \hafh`ghklb� wnn_dlb\ghc� ijh]jZffghc

j_ZebaZpbb�h[t_dlghc�deZkkbnbdZpbb�b�ijZdlbq_kdb�\h�\k_o�ijh[e_fguo

kblmZpbyo�gZoh^bebkv�Zevl_jgZlb\gu_�j_r_gby��iha\heyxsb_�kh\f_klblv

__� k_fZglbq_kdmx� p_ehklghklv� k� ijb_fe_fhc� wnn_dlb\ghklvx�� <

ijb\_^_gghf� ijbf_j_� ih^h[gZy� Zevl_jgZlb\Z� fh]eZ� [u� khklhylv� \

i_j_hij_^_e_gbb� g_� f_lh^Z� \uqbke_gby� iZjZf_ljZ� deZkkZ

*HQHULF%UR\GHQ�� Z� h^gh]h� ba� _]h� \bjlmZevguo� f_lh^h\�� j_Zebamxsbo

[he__�fhsgu_�Ze]hjblfbq_kdb_�\_l\b��gZijbf_j��f_lh^Z�\uqbke_gby�\k_c

bl_jZpbb�� Ijb� wlhf� ojZg_gb_� h^gh]h� ebrg_]h� iZjZf_ljZ� ^ey� dZ`^h]h

Ze]hjblfbq_kdh]h�h[t_dlZ�g_�y\ey_lky�k_jv_aguf�h]jZgbq_gb_f�^Z`_�^ey

ijh]jZffguo� ijbeh`_gbc�� \� dhlhjuo� fh]ml� mqZkl\h\Zlv� h^gh\j_f_ggh

g_kdhevdh�hilbfbaZpbhgguo�ih^oh^h\�

<Z`ghc� dhgkljmdlb\ghc� klhjhghc� ihkljh_gghc� h[t_dlghc

deZkkbnbdZpbb� y\ey_lky� __�ijZdlbq_kdZy�gZijZ\e_gghklv�b� ijh]jZffgZy

j_Zebam_fhklv�� NZdlbq_kdb�� hibkZggZy� h[t_dlgZy� deZkkbnbdZpby�� \

dhlhjhc�hij_^_eyxlky�g_�lhevdh�hkgh\gu_�deZkku�h[t_dlh\�b�hlghr_gby

gZke_^h\Zgby� f_`^m� gbfb�� gh� b� iheguc� gZ[hj� bgdZikmebjm_fuo� bfb

^Zgguo� b� f_lh^h\�� ij_^klZ\ey_l� ^hklZlhqgh� ^_lZevguc� ijh_dl

fZl_fZlbq_kdh]h� h[_ki_q_gby� ^ey� j_r_gby� rbjhdh]h� deZkkZ

hilbfbaZpbhgguo� aZ^Zq�� ;he__� lh]h�� agZqbl_evgZy� qZklv� ij_^eh`_gghc



���

h[t_dlghc� deZkkbnbdZpbb�� \dexqZxsZy� nmgdpbhgZevgu_� deZkku�

[hevrbgkl\h�h^ghf_jguo�Ze]hjblfh\�b�g_dhlhju_�fgh]hf_jgu_�f_lh^u

gvxlhgh\kdh]h� lbiZ�� [ueZ� ijh]jZffgh� j_Zebah\ZgZ� gZ� yaud_� Kb��� b

\dexq_gZ� \� khklZ\� jZajZ[Zlu\Z_fhc� fZl_fZlbq_kdhc� h[t_dlgh�

hjb_glbjh\Zgghc� [b[ebhl_db�� IeZgbjm_lky� j_ZebaZpby� b� ^jm]bo

fgh]hf_jguo� hilbfbaZpbhgguo� Ze]hjblfh\�� ij_^klZ\e_gguo� \

deZkkbnbdZpbb�

Kms_kl\_gghc�hkh[_gghklvx�fZl_fZlbq_kdhc�[b[ebhl_db�y\ey_lky�__

bgkljmf_glZevguc� oZjZdl_j�� ^himkdZxsbc� ^Zevg_cr__� jZa\blb_

ijh[e_fgh�f_lh^bq_kdh]h� j_i_jlmZjZ� gZ� _^bghc� h[t_dlghc� hkgh\_�

>ZggZy�q_jlZ�hkh[_ggh�\Z`gZ�^ey�jZajZ[hldb�ijZdlbq_kdbo�ijbeh`_gbc�

gm`^Zxsboky� \� hij_^_e_gghc� Z^ZilZpbb� bkihevam_fuo� [b[ebhl_qguo

kj_^kl\�� Ijbf_gy_fZy� h[t_dlgZy� l_ogheh]by� h[_ki_qb\Z_l� ijb� wlhf

agZqbl_evgmx� Ze]hjblfbq_kdmx� b� ijh]jZffgmx� h[sghklv�

aZdexqZxsmxky� \� \hafh`ghklb� mgbnbpbjh\Zgghc� fh^bnbdZpbb

hl^_evguo�dhfihg_gl�Ze]hjblfZ��GZijbf_j��^ey�f_lh^h\�kimkdZ�\hafh`gh

baf_gblv� b� gZijZ\e_gb_� ihbkdZ� b� kljZl_]bx� \u[hjZ� rZ]Z�� Z� ijb

g_h[oh^bfhklb�b� \kihfh]Zl_evguc� Ze]hjblf� j_r_gby� ebg_cguo� kbkl_f�

Ijhbeexkljbjm_f� ^Zggh_� k\hckl\h� gZ� ijbf_j_� dhgkljmbjh\Zgby

ba\_klguo� dhf[bgbjh\Zgguo� Ze]hjblfh\�� lZd`_� \dexq_gguo� \

Ze]hjblfbq_kdmx�deZkkbnbdZpbx�

DeZkk�f_lh^h\�I<J±GvxlhgZ�6XFFHVLYH2YHU5HOD[DWLRQ1HZWRQ�fh`_l

[ulv� ihkljh_g� iml_f� gZke_^h\Zgby� deZkkZ� 6XFFHVLYH2YHU5HOD[DWLRQ� b

i_j_hij_^_e_gby� \bjlmZevgh]h� f_lh^Z� mklZgh\db� \kihfh]Zl_evgh]h

Ze]hjblfZ� h^ghf_jghc� fbgbfbaZpbb� ²� \� ^Zgghf� kemqZ_� mklZgh\db� gZ

h^ghf_jguc�f_lh^�GvxlhgZ�1HZWRQ��:gZeh]bqgh�j_Zebam_lky�ba\_klguc

]jZ^b_glguc� f_lh^� GvxlhgZ� *UDGLHQW1HZWRQ�� bkihevamxsbc� h[uqgu_

]jZ^b_glgu_� gZijZ\e_gby� \� khq_lZgbb� k� h^ghf_jguf� f_lh^hf�GvxlhgZ

^ey� \u[hjZ� hilbfZevghc� ^ebgu� rZ]Z� >�@�� J_ZebaZpby� lZdh]h� f_lh^Z

k\h^blky� d� kha^Zgbx� deZkkZ�� gZke_^m_fh]h� hl� *UDGLHQW� b

i_j_hij_^_eyxs_]h�f_lh^�\u[hj�^ebgu�rZ]Z�iml_f�aZ^Zgby�h^ghf_jgh]h

f_lh^Z�GvxlhgZ�1HZWRQ�

G_� f_g__� \Z`gZy� ]jmiiZ� dhf[bgbjh\Zgguo� hilbfbaZpbhgguo

Ze]hjblfh\� fh`_l� [ulv� ihkljh_gZ� \� j_amevlZl_� khq_lZgby� hkgh\gh]h

f_lh^Z� k� l_f� beb� bguf� g_h[oh^bfuf� Ze]hjblfhf� j_r_gby� ebg_cguo

kbkl_f�� <� qZklghklb�� ijZdlbq_kdb� \Z`gh_� k_f_ckl\h� dhf[bgbjh\Zgguo

f_lh^h\�GvxlhgZ�b�khijy`_gguo� ]jZ^b_glh\�1HZWRQ&RQMXJDWH*UDGLHQW�

dhlhjh_� khklZ\ey_l� hkgh\m� ba\_klgh]h� iZd_lZ� 713$&.� >�@�� fh`_l� [ulv

j_Zebah\Zgh� iml_f� gZke_^h\Zgby� hkgh\gh]h� f_lh^Z� deZkkZ� 1HZWRQ� b

mklZgh\db� \kihfh]Zl_evgh]h� f_lh^Z� j_r_gby� ebg_cghc� kbkl_fu� gZ

Ze]hjblfbq_kdbc� h[t_dl� deZkkZ� &RQMXJDWH*UDGLHQW�� ijbgZ^e_`Zs_]h� \

k\hx�hq_j_^v�deZkkm�/LQHDU6\VWHP$OJRULWKP��K�mq_lhf�lh]h��qlh�Ze]hjblf



���

deZkkZ� &RQMXJDWH*UDGLHQW� fh`_l� ijbf_gylvky� d� ebg_cguf� kbkl_fZf� k

jZaebqghc� nhjfhc� fZljbqghc� jZaj_`_gghklb�� ^hklb]Z_lky� _s_� [hevrZy

h[sghklv�� dhlhjZy� lZd`_� ij_^klZ\ey_l� k_jv_aguc� ijZdlbq_kdbc� b

bkke_^h\Zl_evkdbc�bgl_j_k�>�@�

���AZdexq_gb_

LZdbf� h[jZahf�� ij_^eh`_g� ih^oh^� d� h[t_dlghc� kbkl_fZlbaZpbb� b

deZkkbnbdZpbb� aZ^Zq� b� f_lh^h\� g_ebg_cghc� [_amkeh\ghc� hilbfbaZpbb�

JZajZ[hlZggZy� h[t_dlgZy� deZkkbnbdZpby� ho\Zlu\Z_l� gZb[he__� \Z`gu_

]jmiiu� fZl_fZlbq_kdbo� nmgdpbc�� h^ghf_jguo� b� fgh]hf_jguo

Ze]hjblfh\� hilbfbaZpbb� b� \� agZqbl_evghc� kl_i_gb� hljZ`Z_l

f_lh^heh]bq_kdb_�ihkljh_gby� kZfhc� l_hjbb� hilbfbaZpbb��<f_kl_� k� l_f�

kijh_dlbjh\ZggZy� deZkkbnbdZpby� ghkbl� dhgkljmdlb\guc� oZjZdl_j� b

^himkdZ_l� g_ihkj_^kl\_ggu_� ijh]jZffgu_� j_ZebaZpbb�� AgZqbl_evgZy

qZklv�h[t_dlghc�kbkl_fu�[ueZ�j_Zebah\ZgZ�gZ�yaud_�Kb���b�\dexq_gZ�\

fZl_fZlbq_kdmx� h[t_dlgh�hjb_glbjh\Zggmx� [b[ebhl_dm�� Fhsgu_

bgkljmf_glZevgu_�\hafh`ghklb�fZl_fZlbq_kdhc�[b[ebhl_db�hij_^_eyxl

i_jki_dlb\m�^Zevg_cr_]h�jZa\blby�ijh[e_fgh�f_lh^bq_kdh]h�j_i_jlmZjZ

b�Z^ZilZpbb�_]h�d�jZaghh[jZaguf�\uqbkebl_evguf�ijbeh`_gbyf�

JZ[hlZ� ih^^_j`ZgZ� Jhkkbckdbf� Nhg^hf� nmg^Zf_glZevguo

bkke_^h\Zgbc��]jZgl��������������

EBL?J:LMJ:

��� 0RUH�-��� 6RUHQVHQ�'��� *DUERZ�%��� +LOOVWURP�.�� 7KH�0,13$&.� 3URMHFW�� ��

6RXUFHV� DQG� 'HYHORSPHQW� 2I� 0DWKHPDWLFDO� 6RIWZDUH�� HG�� :��&RZHOO�

3UHQWLFH�+DOO�������

��� 6FKOLFN�7��� )RJHOVRQ�$�� 713$&.�²�$� WUXQFDWHG� 1HZWRQ� PLQLPL]DWLRQ

SDFNDJH� IRU� ODUJH�VFDOH�SUREOHPV�� ���$&0�7UDQV��0DWK��6RIWZ���Y���������

�0DUFK��������SS����±����
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