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AnHoTanus. Ornepauus CpaBHEHUS YMCEN LIMPOKO HCIOJIB3YeTCs IPU peanu3aluu  OOJNbLIIMHCTBA
COBPEMEHHBIX aJIrOPUTMOB. Peannsanys anropurMa cpaBHEHUs YUCEN B CUCTeMe ocTaTo4HbIX Kiaccos (COK)
COCTOHT M3 JBYX JTamoB. IIepBbIil 5Tam — BEIYUCICHHE HO3UIMOHHOH XapaKTepUCTUKH MOLYIISPHOTO YHCIIA.
Bropoii sTam — cpaBHeHHE MO3MIMOHHBIX XapaKTEPUCTHK MOJIYJSPHBIX YHCEN B MO3HIJMOHHOH cHCTeMe
cuncnenus. B cratee mpennaraercss HOBBI 9((EKTHBHBI alNrOPUTM BBIYUCICHUS IO3HL[MOHHOI
xapakrepuctuky uucia B COK, ocHOBaHHBI Ha HCIONIB30BAaHUM NPHOIKEHHOr0 MeToza. Mcnons3oBaHue
9TOro MeToAa He TpeOyeT MOPOrOCTOSAIIMX MOJIYJBHBIX ONEpaluii, KOTOpBIE 3aMEHSAIOTCS OBICTPHIMHU
OUTOBBIMU ONIEPAIHAMH CABHT BIIPABO U B3ATHA MIaAMKX OUT. Jloka3aHo, 9TO B Cilydae, KOT/ia JUHAMUIECKHI
nuanazon COK sBisieTcss HEYETHBIM YUCIIOM, Pa3Mep ONEpaHIoB YMEHbLIAETCs Ha pa3Mep Moayist. Ecian ogHo
n3 ocHoBaHuit COK sBisieTcst CTENEHbIO ABOHKH, TO pa3Mep OIIEpPaH/0B MEHBIIE AUHAMUYECKOTO JHala30Ha.

KioyeBble cj10Ba: cucTeMa OCTAaTOYHBIX KIJACCOB; HEMOJyJbHbIE OIEpallid; CPaBHEHHE 4YHCE;
HPUOIIMKEHHBIN METO

s untupoBanusi: babenko M.T., Yepnbix A.H., Yepssixkos H.M., KyuykoB B.A., Mupanna-Jlonec B.,
Pusepa-Ponpurec P., Iy Yx. DddexTrBHOE CpaBHEHHE YHCET B CHCTEME OCTATOYHBIX KIACCOB Ha OCHOBE
no3uLronHoit xapakrepuctuku. Tpyast MCIT PAH, tom 31, Bem. 2, 2019 r., crp. 187-202. DOI:
10.15514/ISPRAS-2019-31(2)-13

Baaropaproctu. PaGora BbimonHeHa npu nojjepikke ctuneHauu Ilpesunenra PO mMonoipiM ydeHbIM U
actpanTam, MK-341.2019.9, CII-2236.2018.5, a Taxoke rpantoB PODU 18-07-01224, 18-07-00109.

187

Babenko M., Tchernykh A., Chervyakov N., Kuchukov V., Miranda-Lopez V., Rivera-Rodriguez R., Du Z. Efficient Number Comparison in
the Residue Number System based on Positional Characteristics. Trudy ISP RAN/Proc. ISP RAS, vol. 31, issue 2, 2019. pp.187-202

Efficient Number Comparison in the Residue Number System based
on Positional Characteristics

" M.G. Babenko <mgbabenko@ncfir.ru>
2335 A.N. Tchernykh <chernykh@cicese.mx>
! N.I, Chervyakov <ncherviakov@ncfiu.ru>
1'V.A. Kuchukov <vkuchukov@ncfu.ru>
2V. Miranda-Lopez <vmiranda@cicese.edu.mx>
2 R. Rivera-Rodriguez <rrivera@cicese.mx>
4Z. Du <duzh@tsinghua.edu.cn>

! North-Caucasus Federal University,
1, Pushkin st., Stavropol, 355009, Russia.
2 CICESE Research Center,
Ensenada, Baja California, 22860, Mexico.
3 Ivannikov Institute for System Programming of the Russian Academy of Sciences,
25, Alexander Solzhenitsyn st., Moscow, 109004, Russia.
4 Tsinghua University,
Haidian District, Beijing, 100084, P. R. China

5 South Ural State University,

Chelyabinsk, 76 Lenina St., Chelyabinsk, 454080, Russia.

Abstract. An important operation for data processing is a number comparison. In Residue Number System
(RNS), it consists of two steps: the computation of the positional characteristic of the number in RNS
representation and comparison of its positional characteristics in the positional number system. In this paper,
we propose a new efficient method to compute the positional characteristic based on the approximate method.
The approximate method as a tool to compare numbers does not require resource-consuming non-modular
operations that are replaced by fast bit right shift operations and taking the least significant bits. We prove that
in case when the dynamic range of RNS is an odd number, the size of the operands is reduced by the size of the
module. If one of the RNS moduli is a power of two, then the size of the operands is less than the dynamic
range. It makes our method efficient for hardware implementation of cryptographic primitives and digital signal
processing.
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1. BeedeHue

Ipu KCTOTB30BAHUH HETTO3UIIMOHHBIX CHCTEM CUHCIICHHS, TAKMX KaK CHCTEMa OCTATOYHBIX KJIACCOB
(COK), BbImONHEHHE BBICOKOIPOU3BOAUTEIBHBIX BBIYMCICHHI BO3MOJKHO 33 CYET OTCYTCTBHS
MepPEeHOCOB  Mexay paspsigamu. OJHAKO BO MHOTHMX IIPUKIAJHBIX 3a]a4aX BO3HHUKAET
HEOOXOMMMOCTh CpaBHeHHs 4ncesl. JlaHHas omepauusi sBISieTCs 0a30BOM IPH  peau3aliu
00JIBIIIOrO YKcTa aNropuTMOB 3anmTthl nHPopManuu (Chang et al., 2015 [1], Chervyakov et al.,
2017 [2], Sousa et al., 2016 [3]), uudppoBoit oopadoTku curHanoB (Chervyakov et al., 2014) [4],
cucreM GecipoBogHoH cBa3u (Ye et al., 2018) [5], obmaunsix Berancnenuit (Tchernykh et al., 2016
[6], Miranda-Lopez et al., 2017 [7], Tchernykh et al., 2017 [8], Babenko et al., 2017 [9]) u T.x1.
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W3-3a HenosunmonHoi mpuponsl COK HeMomynbHBIE Omepanuy, TakWe KaKk CPaBHEHUE YHCE,
OIIpeieNICHNE 3HaKa YKCiIa U ONpeeeHHe eperoHeH s THHAMIYECKOTO THana3oHa, OTHOCSTCS
K BBIYUCIIUTEIBHO CJIOKHBIM OTEPAIUsIM.

B NO3MLIMOHHON CHCTEME CYHCICHHUS CYIIECTBYIOT MPOCTHIC ajJrOPUTMBI CPABHEHUS YHCEN,
KOTOpbIE CBOIATCS K MX HopaspsaHomy cpaBHeHHto. B COK mpoCTBIX alrOpHUTMOB CpaBHEHUS
yucen HeT (Szabo & Tanaka, 1969) [10]. Peanuzanust anroputMa cpaBuenus urcen B COK cocrout
U3 IBYX 3TanoB. [lepBblii 3Tal — BBIYKUCICHHE MO3UIIMOHHON Xapakrepuctuku (I1X) MoxynspHbIX
qncen X = (xq9,%X3,...,Xy) ¥ Y = (V1,¥2, .., ¥n). BTOpoOil 3Tam — cpaBHEHHE HO3UIIMOHHBIX
xapakrepuctuk [1X(X) u [TX(Y) MomynsapHbIX 4drcen B mo3unHnoHHO# cucteme cuucienus (I1ICC).
B xauectse [IX MomysipHOTO UmciIa MOXET BEICTyNaTh ero npexacrasinenue B [ICC. i nepesona
gucna u3 COK B IICC MOXHO HCTIONIB30BaTh OAWMH U3 anropuTMoB: Kuraiickyio Teopemy 00
ocratkax (KTO), o6o0meHHyo mo3unuoHHyro cucteMy cumciaenus (Bi & Gross, 2008) [11],
pexypcuBHbIi anroputM caanBanus uucesn (nCRT) (Wang, 2000) [12] u ux Momudukamum.
Bonporast BEMYHUCIUTENBHAS CIIOXKHOCTD aJTOPUTMOB BBIYHMCICHHS HCKOMOTO YHCNIA B JABOWYHOM
CHCTEME CYMCIEHHs CIIOJBHIJIa HCCIeoBaTeNied Ha IIOMCK ero ammpokcuManuu. C Ienbro
YMEHBIICHHS BBIYUCIUTEIBHON CIOKHOCTH omepanuu cpaBHeHus uucen B COK unccnemosatenn
NPEATIOKUIA B KadeCTBE TIX MOIYJIAPHOIO 4YHCJIa HCHOJB30BaTh CICAYIOIINEC q)yHKLII/II/I:
nuaroHansHas Gynkmus (Dimauro et al., 1993) [13], dynxuns sapa (Burgess, 2003) [14], dpaxrop-
¢bynxuus (Dimauro et al., 2003) [15], monotonHas ¢ynkuus Pirlo (Pirlo and Impedovo, 2013) [16]
u ap. Ilpennaraemelie anropuT™sl BeluMciieHHs 11X MO3BONSIOT yMEHBIIMTH BBIYHCIMTENIBHYIO
CIIOKHOCTB 32 CYET YMEHBIIICHUS Pa3MEPHOCTH OIIEPAaH/IOB MPH BBIMOIHEHHH OIEPAIMU IeJICHHS C
OCTaTKOM.

CambIM 3¢ (GeKTHBHBIM SABIISETCS TOIX0J, OCHOBAaHHBIHN Ha puOmmxeHHOM MeToze (Chervyakov et
al., 2017) [17], Tak kaKk OH MO3BOJIAET 3aMEHUTH OMEPALMIO JCICHHUS C OCTaTKOM Ha ONepaluio
B3ATHs CTapIIUX OUT uKcna. B ctaThe MbI IpeuiaraeM ONTUMU3UPOBATH IPUOIIKEHHBINA METOA IS
BBIYHMCJICHUS ON€palli CPABHEHHNSA YHCE 3a CHET YMEHBIICHUA KOJIUYECCTBA onepaunﬁ JCIICHUS C
OCTAaTKOM U YJIy4IIEHHON TOYHOCTH BBIUMCIIEHUS I KOPPEKTHOH paboThl aaropuT™Ma.

Jlanmee craThs OpraHH30BaHa clemylOIUM obOpasoM. B pasn. 2 HamMuM paccMOTpPEHBI OCHOBHBIE
nonoxenns COK u ee cBoiicTBa. B pa3n. 3 paccMOTpeHBI METOIbI CPaBHEHHS YHCEI, OCHOBAaHHBIC
Ha nepeBoe uucen uz COK B I[ICC. B pa3za. 4 npoBefeH 0030p METOOB CPaBHEHHS HA OCHOBE
BBIYMCIICHUS MO3UIMOHHBIX XapaKTepUCTUK. B pasm. 5 mccimemyercss BOompoc CpaBHEHHUS 4YHCEN B
COK ¢ ucrone30BaHHEM METOOB OIPENENICHUS 3HaKa 4ucia. Paszn. 6 mocBsimeH MoanduKanuu
METOJa CPABHECHHUS YHUCENT U UCCIICAOBAHUIO €TI0 CBOICTB. B 3akitoueHun INpEACTaBICHbI CDABHEHUE
MPEAJIOKEHHOI0O METO/1a € CYIIECTBYIONIMMU U OCHOBHBIC BBIBO/IBI.

2. Cucmema ocmamoY4HbIX KJ1accos U ee ceolicmea

IMox octarkoM ynciia X 110 MOYITIO P; TOHUMAETCS YHCIIO X;, YAOBICTBOPSIOIIECE BRIPAKEHUIO X =
x; +b - p; nns wexoroporo uncna b u 0 < x; < p;. OcraTok OT JeNeHus MOXHO 3alucaTh B
TepPMUHaX T€OpUH cpaBHennit x; = X mod p;, wu ans kpatkoctd |X|,,.
COK ompenensiercss HabOpOM B3aMMHO TPOCTBIX YHCEN P;, HA3BIBAEMBIX MOIYJISIMH, T.€.
{p1, 02, -, P}, Tie HOA(p;,pj) =1 mna i # j, n — xommdecTBo Monyieit. Jlioboe wmcio X €
[0, P — 1] moxer ObITh IpencTaBieHo B COK enquHCTBEHHBIM 00pa3zoM Kak X = (X4, Xy, ..., Xp), T
x; = X mod p;, a P = [~ p; — AMHAMHYeCKHii THana3oH.
Oco6ennocteio COK sBIIsieTCST BO3MOKHOCTE BBITIOHEHHS OIEPAINi CIIOKEHUS, BHIYUTAHUS U
YMHOXKEHHSI [IapaJUIelIbHO U HE3aBHCHMO MO KaKIOMy U3 Moxyleil. IlycTs JaHbl aBa ukcia X =
(x4, %2, e, Xxp) 1Y = (¥1, Y, ..., V), TOT /A, Kak mokazaHo B (Axyuickuii & FOnuukuii, 1968) [20],
BBINOJIHAETCS
C=Xx*Y = (|x1 * yllpl; ey |xn * yn'pn)a

roe *= {+,—,%}.
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OpHako, TpU BBHITIOIHEHHN apH(METHUECKHX OIepaniii BO3MOXKHA CHTYaIHs, KOTAa pe3ylbTaT
BBIXOANT 3a auanaszoH C & [0, P — 1], T.e. MPOMCXOAUT MEPENOIHEHHE, M PE3YIIbTaT OyJeT OTINYCH
OT OXKHMJAeMOro Ha pa3Mep [uama3oHa. [l IpoBepKH KOPPEKTHOCTU pe3yjlbTaTa B CTaTbe
(Chervyakov et al., 2017) [2] pa3paboTaHa cxema, OCHOBaHHAasl Ha UCIIOJIb30BAaHUH CBOWMCTB paHra
yucna. IlpeumymiecTBO NpeOKEHHOrO IOAXOJa 3aKII0YaeTcss B TOM, YTO OH IO3BOJIAET
IIPOBEPUTH KOPPEKTHOCTH Pe3yNbTaTa, HE BOCCTAHABIUBAs CAMO YHCIIO.

Hcnonp3oBanue MeTona NPUOIMKCHHOTO BBIYMCICHUS PaHTa dHCIa IIO3BOJIET YMEHBIIHUTH
BBIYHCIHTENBHYIO CIOKHOCTh aITOPHUTMOB IepeBoda uucesn u3 COK B mo3uimoHHYI0 cHCTEMY
CUHCIICHHUS.

3. MemoOdbI cpaeHeHus 4Yucesl, OCHo8aHHbIe Ha nepeeode yucen u3 COK e
rfcc

B GonbIuHCTBE METOIOB 3a/1ada CpaBHEHUs YKcel pelaeTcs depes neperof uucia u3 COK B IICC
U UX CpaBHEHHE.

3.1 Kutanckasa Teopema o6 octaTtkax

CornacHo (Omondi & Premkumar, 2007) [21], s nepeona yncna u3 COK B IICC ucnons3yercs
CTaHIapTHOE BoccTaHoBIeHHE ¢ momonpio KTO, KOTOpYyr MOXKHO 3amucath (GOpMYIION:

n
SRR M
i=1 P

P -
roe P, = o a |P; 1|m — MyJIBTHIUIMKaTHBHAS HHBepcHs P; mo Monyito p;. PaccMoTpuM npumeps!
13

BOCCTaHOBJICHUS yncia 1o ¢popmyie (1) U cpaBHEHHS YKCel.

Iycte nana COK {3,5,7} u uncna X = (2,2,3), Y = (1, 3,4). lunamuveckuii Auana3oH AaHHOH
CHCTEMBI OCTaTOYHBIX KJ1accoB paBeH P = 3 -5 -7 = 105.

Brerancianm P;:

P P 105 35 P P 105 21 P P 105 15
p 3 P p 5 T '
YToObl BBIMUCINTH MYJNBTHUIUIUKATUBHYI0 WHBEPCHIO P;, HYXHO HallTH Takoe X, KOTOpoe
YIOBNETBOPSET CpaBHeHHIO X - P; = 1modp;. Takum obpasom, |P{l|;=2, |Pylls=1,
|P;1|, = 1. Takum o6pasom, Bce HeoOXoaMMBIe TS Bhraucierus (1) naHHbIe momydensr. Haiiem
3HaYeHHE TIePBOTO YHCIIA:

X=135-2-2+21-2-1+4+ 15 3- 1]195 = 1227|195 = 17.
Haiinem 3Ha4eHne BTOpPOTO YHCHa:
Y=135-1-2+21-3-14 15 4- 1|55 = |193];95 = 88.
Tak kak 17 < 88, 3Haunt X < Y.
Y4uuThIBasE BBIYUCIUTEIBHYIO CJI0KHOCTh BBIYHUCIICHHS OCTATKa OT JACJICHHs Ha OONbIIoe Yucio P,

uccieaoBaresii - MpeuIoXuiin aJILTepHaTI/IBHBIﬁ oaxom, OCHOBaHHBII Ha 00O0OIICHHOM
TTO3UIIMOHHOM CHCTEME CUUCIICHHS.

3.2 O606LweHHas No3nMuMoHHas cuctema cuucneHus (OMNCC)
OIICC 3a cyeT cBOMX CBOWCTB II0O3BOJISET CPaBHHMBATh [Ba 4MClla Oe3 MPSMOro BOCTAHOBIICHUS
camoro cucna. Yucno B OIICC 3anmaercs koprexeM [aq, Ay, ..., a,], @ OCHOBAaHHUSAMH CHCTEMBI

SIBISIIOTCA D1, D12, P1P2P3s ---» P1,P2s owos Pn—1, TAE D1, D2, -, Py — MoAyIn COK. CBs3p MexIy
nBouvHOU cuctemoii curcienus u OIICC onpexnensiercs mo cieayroniei popmyie:

X =ay+a;p, +azpyp, + -+ a1z - Pr-1s
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Tak xax OIICC sBisieTcst MO3UIIMOHHOMN CHCTEMOW CUHCIICHHSI, TO CPAaBHEHHE YHCENl PAaBHOCHIIEHO
CpPaBHEHHIO JIBYX KOPTeXeH [aq, ay, ..., ay]| u [by, by, ..., by].
Jns mepeBoma uncina X = (xq,Xy,...,x,) w3 COK B [a,ay,..,a,] OIICC wucnons3yercs
CIIEYIOIIUIA TTOAXO/:
a; = X4,

_ -1
a = [(x; —ay)  p1 |p2 5

-1, ,-1

az = [(x3—a; —azpy) " pi' P2 |p3 5

A = (X — @y = @QpPy = = = Ano1P1P2 - Pp2) " D1 o Prtilpy-

DddexTrBHAs peanu3anus aaropuT™Ma cpaBHeHUs yncen ¢ ucnoiab3zoanueM OIICC npexacraBnena
B padote (Isupov, 2016) [22].

Hcnonpzoanue OIICC mo3BoONsAeT yUTH OT BBIYMCICHHS OCTATKA OT JEJIEHHS Ha OOJBIIOE YHCIIO
P, HO TPUBOAUT K HUCIIOJB30BAHHIO OOJIBIIET0 KOJMYECTBA MOIYJIBHBIX ONEpaIUid M0 MOAYJSM

COK.

3.3 MpnbnumxeHHbIN MeTox,

JIn1s HCcKITI0YeHNs onepaluy JeJIeHUs ¢ OCTaTKOM Ha Ooblioe mpocToe uuceio B craTtee (Van, 1985)
[23] mpemmoxeH npUOIMKEHHBII METO/, OCHOBAHHBIH Ha O0TOOpakeHHH, mepeBomsimeM [0, P) B
[0, 2). Ans storo nepenwiem (1) B Buzie

n
X =Y P P — P @
i=1

P
JUTST HEKOTOPOT'O HEOTPULATENBHOTO IIENOT0 YHCIA T, - paHra uncia. Pasnenus (2) Ha 3> TOTTyunM

2 ¥ )
Xo=(5) X =D i 1Py — 2 3)

i=1
Taxum o0pazom, u3 (3), Xg MOKET OBbITh BHIYMCICH KaK CyMMa JPOOHBIX YHCEI ¢ OTOpachIBaHHEM
KpaTHOW IBYM LIEJIOH YacTH pe3yibTaTa. DTO MOXET OBITh ITOJIYYeHO IOBOJBHO TPHBHAIBHO,
IIOCKOJIBKY BBIYMCIICHHS BBIIOJIHAIOTCA B ABOMYHOM Buje. [IpommmocTpupyem 3To Ha mpuMmepe.
[ycte mano uucio (2,2, 3), toraa no popmyse (3) moxyunm

34

, 105

T

3amMeTuM, 4TO B JaHHOM METOJE ClIaraeMble PEJIKO MOTYT OBbITh IIPE/CTaBICHEI B BUIE KOHEYHOH
npo6u. J{nst mpencraBieHus B BHAE JECATHYHOH (JBOMYHOM) IPOOH KaXkJOe cllaraeMoe JOJDKHO
OBITH OIPEAENICHHBIM 00pPa30M OKPYTIIEHO.

Ecnu Ha xaxoe ciaaraeMoe cyMMEl B opmyie (3) Bergenuts N + 1 6ut, 1 — Ha nemyto gacts u N
— Ha JApoOHYyI0, M yceKaTb OCTaBIIMECs OHTHI, TO ONmMOKa B KaKAOM claraeMoM Oyner
Y/IOBIIETBOPATH HepaseHCTBY 0 < e; < 27N, 1 mocKoNmbKy TaKHX CIaraeMbix 1, TO MaKCHMAIbHAS
omubka npu yceuenuu (3) Oyaer e = n27,

IMockonpky uncia X; pacmpeneneHsl paBHOMepHO Ha mHTepBaie [0,P), TO pacCTOSHHE MEXIY

X—222+221+231
s 13 5 7

2
JIBYMSI COCCTHUMH YHCIAMH PABHO —.
2
Kpome Toro, uHTEpBan Mex1y HauOOIBUINM ITOJIOKHUTEILHBIM YHCIOM U | paBeH 7 AL 4ETHOTO P
1
U JUIsl HEYETHOTO P.

Takum 06pa30M, JJIs1 TOIO, 4TOOBI YCEUECHHOEC 3HaY€HUE Xs COOTHOCHJIOCH C TOYHBIM 3HAYCHUEM XS,
onroOKa J0JDKHA YAOBJIETBOPATH CICAYIOIIUM COOTHOMICHUSAM:
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2
n-2N< P ARl HETHOTO P 4

1
n-2V< p+AIA HeeTHoro P, ()

WIH
N = [log, P - n] — 1 nns getHoro P,
N = [log, P - n] nns HedetHOro P.
Xots apobHOE mpencraBieHue U Tpebyer mpumepHo Ha [log, n] GuT Oonblue, HO MPOCTOTA M
CKOPOCTb  BBIIIOJIHEHUS OHEpalii KOMIICHCHPYIOT 3Ty H30BITOYHOCT. JlaHHBIH cmoco0
BBIYUCIICHUS X; MOXET OBITh OTHOCHTENBHO IPOCTO BBIUHMCIEH C HCHONIB30BAaHHEM IAMSATH,
XpaHsmeH MPeTBEYUCTEHHBIE 3HAYEHNS, , HA BXOJ KOTOPO#i MofaeTcst ocTaToK |X |, , a Ha BBIXO
MOCTYIAeT YCEUeHHOE 3HAUCHHE, a IaJiee YCeUCHHBIC 3HAYCHMUSI CKIIAIBIBAIOTCS [0 MOYIIIO 2, YTO
JIETKO Pean3yercs almnapaTHo.
Paccmotpum uncniennsiit npumep. ITycts B COK {3, 5, 7} 3amanst qa uncma 1 = (1,1,1) u 104 =
(2,4,6). Insa pmannoit cuctembl N = [log,(105- 3)] = 9. PaccmorpuM mepBoe YHCIO IO
CllaraeMbIM:

2 4
|§ 1-2| = 3= 1.010101010101011 ... =~ 1.010101011,
2
2 2
|§ 1-1] = T= 0.011001100110011 ... = 0.011001101,
2
2 2
|§ 1-1 = 7= 0.010010010010010 ... = 0.010010010.
2

IIpocymmupyem o MoxyJro 2 noiy4eHHsle cnaraemble u noaydum 0.000001010.
PaccmoTpuM BTOpOE YHCIO:

2 2
|—~ 2.2 = |— =Z2=0.101010101010101 ... ~ 0.101010101,
3 , 131,73
2
=+ 1-4| =z =1100110011001101 ... ~ 1.100110011,
2
2 12
|§ +1-6| =~ =1101101101101110... ~ 1.101101110.
2

IIpocymmupyem 1o MoxyJaro 2 nmojydeHHble cnaraemble U nomyyum 1.111110110.

CpasnuBas mostyueHHble 3HaueHus, yeuaum uro (1,1,1) < (2,4,6).

JanHslit MeTo[ 3bdeKkTHBHEE, YeM BOCCTAaHOBIICHUE YUCIA C IOMOIIBIO KIaccuueckoi Kuraickoi
TEOpeMBI 00 OCTaTKax, OJHAKO BO3HUKAET BOIPOC O JOCTATOYHOCTH MM M30BITOYHOCTH TOYHOCTH
cornacHo popmynam (4)-(5).

CToHT 3aMETHTh, YTO HCIOJIB30BAHHE JAHHOTO IOAXOJA IO3BOJIET BBIYUCIATH MO3HUIIMOHHYIO
XapaKTEePUCTUKY C IPIMEHEHUEM CIeayroueil GopMyIIbL:

n
2,
veo =Y [ et x| ] ©)
i Ip; Pil,-N
i=1 2
rae [x],-v = [2Vx]/2V.
C 11e71b10 yMEHBIICHUS KOJIMYECTBA Onepanuii B mpubnmkenHoM Metoze B (Chervyakov et al., 2017)
[17] mpeanoxkeHo UCToNb30BaTh CIEAYIOIIYI0 (OPMYITY:
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CX) = ZVVixi , )
i=1

1
ZNlpi_llpi N n
roe W, = — /2N, |x|;-npo6ras yacte uncna X, N = [log,(Pp)lup = —n+ XL, p;.

[IpeumyImecTBO JaHHOTO METOAA COCTOUT B TOM, YTO OH HE TpeOyeT AOMOIHUTENBHBIX OIepaluu
OKpYTJIEHHS BBEPX, OJHAKO IIPU 3TOM YBEIUYUIIUCH Pa3MeEPhI ONIEPaH/IOB.

4. MemoOdsI cpaeHeHusi 4yucesn 8 COK c¢ ucnonb3oeaHueM no3uyuoOHHbIX
Xapakmepucmuk

C nenbio yMEHBIIEHUS BBIYMCIUTENHON CII0KHOCTH AITOPUTMA CPAaBHEHUS YHCEN HCCIIEA0BaTEeIH
(Dimauro et al., 1993) [13] npeanoXuiu HCHONB30BATh MOHOTOHHYIO THATOHAIBHYIO (DYHKIIHIO.

41 [OunaroHanbHas PyHKLUA

OTIMYHBIM OT BBILICH3JIOKCHHBIX METOJOB CPAaBHEHHsSI 4HCET SBISETCS METOJ Ha OCHOBE
CIenUaNbHOH ANAaroHaNbHOH (YHKIMH, KOTOpas ONpPEeIesseTcss Kak CyMMa COOTBETCTBYIOLIHNX
K02 uIreHToB P; M Ha3bIBaETCs METOJOM CyMMBI Koadduimentos (Sum of Quotients Technique,
SQT), onucanue KOTOPOit MOKHO HalTH, HanpuMmep, B (Dimauro et al., 1993) [13]. AnaronanbHas
(yHKUMS TpencTaBiseT coOOM MOHOTOHHO BO3pAacTalollyl0 (YHKIHIO, Ha OCHOBE KOTOpPOH
BO3MOXKHO CPaBHEHHUE UHCEIL.

JuaronanbHast QyHKIHS UMEST BU

D(X) = [%J + %J 4+t l;(—nJ ®

Opnako (opmyina (8) sBIsSETCS Majlo MPUTOJHON Ha mpaktuke. B cBsa3u ¢ atum (Dimauro et al.,
1993) [13] 6bL1a npeaIoKeHa aHATUTHIECKAst (PyHKIMSA IS BBIYUCICHHS JUAarOHAIbHON (QyHKIINH:

DY) = Zk; X ©)
=1 50

rne ki = |-p; 'sg.tnei=1,..,n,SQ =P, + P, + -+ B,.

Tak kak auaroHanbHas GyHKUuUs (9) sBIsETCS MOHOTOHHO BO3pACTAIOIICH, TO OHa MOXKET OBbITh
UCoNb30BaHa Juisi cpaBHeHust uucen, T.e. ecii D(X) < D(Y), to X < Y. OnHako, BO3MOKHBI
ciydan, korga D(X) = D(Y),utorma X <Y, kormax; <y;,i=1,..,n

PaccmoTpuM mpuMep cpaBHEHHs dncell. Bo3bMeM paHee mcmonb3oBaHHbie uncna X = (2,2,3) u
Y = (1, 3,4). lng Havana BEIMUCIMM 3HAUYCHUS

S5Q=354+21+15=71,

ki = |=pitl;n = =375 = 47,

ks = |=-pztl;1 = |-57"7 = 14,

k3 = |-p3tl;1 = =775 = 10.

Haiinem 3HaueHne nuaroHaubHON QyHKIUM:

DX)=12-47+ 2-14+3-10|,, = 10,

D(Y)=|1-47+ 2-14+3:10|,, = 34.

Tx.D(X) < DY), ToX <Y.

4.2 ®yHKuMa agpa AKyLWICKOro

O0600mmB pe3yibTat, noxydeHHsl (Dimauro et al., 1993) [13], uccnenoBarensckas rpymnma (Pirlo
& Impedovo, 2013) [16] npennoxuaa UCHONB30BaTh MUHUMANBHYIO (QYHKIHUIO AApa AKYIICKOTO
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0e3 KPUTHYECKUX sijiep. JJaHHBIH TOX01 SBISETCS aHATOTHYHBIM METOIY HArOHAIBHOM (QYHKIHH.
Oyukuus Pirlo umeer cienyrommuii Bua:

Pi(X) = lj—nJ (10)

Opnaxo ¢opmymna (10) siBIgeTCSA MaJIo IPUTOJHON HA MIPAKTHKE, B CBSA3M C 9TUM ObLIa IIPEATIOKEeHA

aHanuTHYecKas QyHKIUA I BeraucieHus Pirlo ¢yHxmum:
n

Pi(X) = Zk;‘* X (11

=1 Py

rae ki™ = {

P 1|,,L.Pi
Pn ’
Tax kak ¢ynkuus Pirlo (11) sBasieTcss MOHOTOHHO BO3pACTAIOIICH, TO OHA MOXET OBITh
HCIIONIb30BaHa I cpaBHeHHs 4mcel, T.e. ecian Pi(X) < Pi(Y), to X < Y. OxHako BO3MOKHBI
ciry4an, korga Pi(X) = Pi(Y), u B atom ciydae X < Y, xorma x,, < y,.

PaccmotpuM nipuMep cpaBHeHHs Yncell. Bo3sMeM panee ucnonb3oBasmmecs ynucaa X = (2,2,3) u
Y = (1, 3,4). Ing Havana BEIYUCINM 3HAYCHHUS:

P, =15,
-1
kit = 1Py plg”lpl = [2 735 =10,
kst = [|P2‘1|p2P2] - ll ' 21] =3,
D3 7
- 1P51psPs| _ ll : 15J _,
D3 7

Haiinem 3nauenue ¢pyukimu Pirlo:
PiX) =12-10+4+ 2-3+3:2|;5 =2,
Pi(Y)=[1-10+ 3:3+4+4-2|;5 =12
u nockonbKy Pi(X) < Pi(Y), o X <VY.
Kaxk noxazano B padore (Mohan, 2016) [24], ¢yrkius Pirlo npourpsiBaer Kutatickoii Teopeme 00
OCTaTKax, Tak Kak TpeOyeT AOMOIHNATEIbHBIX CPABHEHHI YHCEIT.

5. CpaeHeHue 4uces Ha OCHOge asl20pumma onpedesieHuUsl 3HaKa Jucna

C HCIbI0 ONTUMHU3AIUU AITOPUTMA CPAaBHEHUS YHCEI MHOrAa ueﬂecoo6pa3H0 HCIIOJIb30BaTh Ha
BTOPOM 3TaIle BMECTO aJITOPUTMA CPAaBHEHHMS AITOPUTM OIPE/IENICHNs 3HaKa YHCIIa.

Hexotopsie mnpunoxkenus B COK TpeOylOT HCHONB30BaHUS OTPULATENBHBIX YHceld. Jlms
omnpeneneHus 30aka yncia B COK ¢ oTpunatebHBIME YHUCIaMi HEOOXOIMMO CPaBHUTH 3TO YHCIIO
¢ cepenuHOM namamasoHa. CiemyeT Takke OOpaTHTh BHHMAHHE, 4YTO B JaHHOM ClIydae
OTPULIATECJIbHBIE YHCIa HUAYT 3a IMOJIOKUTEIIbHBIMU, U JUIsI CPaBHCHHSA YHUCE]I CHavdajla HYKHO
OMNPEaCIUTh UX 3HAK.

B COK ¢ moxymsimu {p;, Py, ..., Pp} U OuHAMHYecKuM IuanazoHom P = []iL;p; Moxer ObITh
TIPEJICTABICHO YHCIIO X, yAOBIETBOPSIONIEE CIESTYIONHM COOTHOIEHHSIM:

P-1 P-1
—TS X< > ,ecqu P HeyeTHoOe,

P
) <X< 57 1,ecnu P 4yeTHOe.

Torna, cormacao (Omondi & Premkumar, 2007) [21], ectu X = (x4, X3, ..., Xy, ), TO OTPHIIATEILHBIM
oyner yncno —X = (X ,X, ..., X, ), TII€ X, SBJISACTCS JOMOJHEHUEM X; A0 Moxyis m;. Hampumep,
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st COK {3,5,7} v uncna X = 17 = (2,2,3) monyunm —X = (3—-2,5-2,7-3) = (1,3,4).
OueBHIHO, YTO IS IEPEeXo/ia OT BOCCTAHOBJICHHOTO YMCIIA K OTPULIATENBHOH (popMe HEOOX0AUMO

OTHATh 3HAYCHHE IHMHaMHYecKoro auamasona, T.e. (1,3,4) =88 =88 —105=—17. Ecmu
paccMaTpuBaTh BeCh JUHAMHYECKUN AMATIA30H, TO YKMCIA PACIPEACISIIOTCS CISAYIOUMM 00pa3oM:
.,52, =52,-51,...,—

Tenepb, Korga 3amaHbel OTPHUIATENBHBIC YHCIA, BO3HHKAET HEOOXOMUMOCTh ONpENeICHHs 3HaKa
yrcna. CylecTByeT psiji OAXOJ0B K onpeaeneHuto 3Haka uncen B COK: BoccTaHOBIICHHE YUCTa C
nomotipio Kuraiickoit Teopemsr 06 octatkax (KTO), ucronbzoBanre 0000IIEHHOH MO3UIIMOHHON
cuctembl cuncienus (OIICC) u apyrue.

IIpo6nemoii KTO sBisieTcst HEOOXOAUMOCTD HaXOXKICHHUSI OCTaTKa 10 OOJIBIIOMY MOAYJO P, uTo
SIBJSIETCSL TOBOJIBHO TPYJOEMKOM 3aa4eil, i MOCIICAYIOLIEro CPAaBHEHUS ¢ KOHCTAHTOM.

BBenem ¢gynxkimio 3Haka S(X) Ui CHCTEMBbI C HEUSTHBIM TUHAMHUYECKUM JHara3oHoM P (B ciydae

YETHOT'O TUaNa30Ha IPaHHIICH CITyKHUT g):
P—-1
0,ecin 0 < X <T,
SO0 = p1 (12)
1, eciu < X<P

PaccMoTpuM Ha mpuMepe CpaBHEHHE UYHCEN C HCIONB30BAaHMEM OTPHIATEeNbHBIX dnceln. ITycTs
HeoOxoauMo cpaBHUTh yncna X = 17 = (2,2,3) uY = -8 = (1,2,6) B COK {3,5,7}. Ecmu X >V,
T0 (X —Y) > 0. Haiizem pa3HOCTb

X-Y=2-12-23-6)=(104).
IMpumennm npubdnmxennyo Gpopmyiy Ha ocHoBe KTO u Oynem cpaBHUBATh pe3ynbTaT C CepeJUHON
/Marasona, T.¢. ¢ . Bce KOHCTaHTHI Mpe/IBAPHTEITBHO BBMUCICHBI B TIPEIBILY X PHMEpaX.

X ixi-w;ﬂpi 2,0
P pi 1377

i=1 1

5 1

=—<-.
. 212

O4eBUIHO, YTO TOCKOJBKY IOJYYEHHOS 3HAYCHHWE MCEHBIIE CEpeMHBI JHMana3oHa, TO OHO
MOJIOKUTEIBHOE, ¥ 3HAUUT X > Y.

CTOUT OTMETHTB, YTO JJIsl KOPPEKTHOM PabOTHI aJIrOPUTMA CPAaBHEHUSI YHCEIl HA OCHOBE AJITOPUTMa
Ompe/eNeHns 3HaKa yrcia Tpedyercs yaBoenue nuanazonoB COK, 4To BeJeT K AOMOIHUTEIBHBIM
BBIUMCIIMTENILHBIM Harpy3kam mpu o0Opa0OoTKe JaHHBIX, OJJHAKO B JAHHOM Cliydae HE0OXO0IUMO
HAXO0JK/ICHHE JINIIb OHOW TO3UIIMOHHON XapaKTePHUCTUKH YHCIIa

6. Modudgpukayus anzopumma cpaeHeHus 4yucesn e COK
B kauecTBe MO3UIIMOHHOW XapaKTEPUCTUKH PACCMOTPUM CIIEAYIOLIYIO (PYHKIHIO:

f00 = Zk_ixi :

2N
2V,
roe k, = |—

pi

6.1 CpaBHeHue uncna B COK c HeyeTHbIM guanasoHom

Jlemma 1. Eciu N = [log,(n - P —n)], To cripaBeminBo cieaytoliee paBeHCTBO:

n Fx. nkox:
=1 i=1"i"i
i s
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e, ]
r,uek1=p— uk; = |P7,P;

Jloka3aTebCcTBO.
— = 2Nk, 2Nk, IR kix
Tak kax k; ¥ k, cBS3aHBI paBeHCTBOM k, = —5~ — —5 > TO BRIPDKEHHE == 5| IPUMET BUJL;
_ n n
ik x; 1 1
{T = 5D kexi =5y D 2kile (15)
i=1 i-1
1on 1on X
IoxcraBum —Zi:1 kix; = I—Zi:1 k; xiJ +5B (15), momy4nm:
) 1k X; Zl 1k X X 1 L
I [P_P- i Zizllz ki"’x"J (1)
U3 (16) cnemyert, 4TO ycIoBHE JEMMBI | 3KBUBAJICHTHO CIEAYIONIEMY HEPaBEHCTBY:
X 1 N
OSF—W Zi:1|2 kilpxi<1 (17)

CornmacHo Kwuraiickoii Teopeme 00 ocratkax, X ynoBieTBopseT yciouio 0 <X <P,
1 n N
m' =1|2 kileiZO, MbI

[OJTy4yaeM, uTo IIpaBas 4acTh ABOMHOro HepaBeHCTBa (17) BepHa a1 Bcex N.

X
cienoBarenbHo, 0 S;< 1. IlpuHumas BO BHHMaHHE, YTO

PaccmoTpum eByo yacTh ABoHHOro HepaBeHcTBa (17). Ilpu X = 0 oHa BEINONHAETCS AN JIIOOOTO
N.Ilycts X ynoBneTBopsieT HepaBeHCTBY 1 < X < P, Torzna l1eBylo 4acTh HepaBeHCTBa (17) MOKHO
IIPECTABHUTD B CIIEIYIOIIEM BHAE:

1 n
222> 12kl (18)
i=1

Tak kak [2Vk;|p <P —1, 10 X1 |2Vk;lp x; < (P — 1) XL, x;, cnenoatensHo, mis Beex 1 <
X < P cnpaBe[yIuBO Cleyollee HEPaBeHCTBO:

1 n
7 D 1Ml xi < n (P = 1) (19)

U3 (18) u (19) cnenyer, uro eciu N = [log,(—n + n - P)], To neBas yacte Hepasenctsa (17)
BBINOJTHSETCS, ClIeI0BaTENIbHO, paBeHCTBO (14) BeinonHseTcs. Jlemma nokazaHa.

Teopema 1. Eciu N = [log,(—n + n - P)], To dyHkims f(X) — crporo Bo3pacraromias.
JlokazaTeabcTBO.

st Toro utoOsl f(X) sBAsIack CTPOro BoO3pacTarouiel (yHKIHeH, HeOOXOJUMO U JAOCTATOYHO,
4TOOBI 11 BeeX Henblx yucen 1 < X < P — 1 BHINOJHSIIOCH CIIEAYIOIIEe YCIOBUE:

fGO-fX-1)>0 (20)
Tak kak [X|[,n =X — [;NJ - 2N, 10 pynkumio f(X) MOXKHO NPEICTABUTE B CIIEIYIONIEM BUIE:
k X;
f(X)—Zk xi - { = ] 2" @
[IpuHIMast BO BHUMaHHE, 9TO Y1 k; (xi —|x; — 1|m) =y & — ;=0 k,p; , To momyuanm, 4to
fOGO-fX-1 =

n
_ _ k; k xl 1],.
ST (B ) e
x;=0

Taxk kak YCJIOBUE JIEMMbI 1 BBIIIOJIHEHO, TO
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F:l 1k le l 1k |x1 1|PiJ _ { 1ki sz lZl 1kilx — 1|piJ (23)

Hcnonesys teopemy u3 padotst (Chervyakov, et. al., 2017) [2] u nemmy 1, popmyna (23) npumer

BUI
i o s e OIS
|P |p1

o (24)
= Zl:# - |P7,
2N =0 Di
INoxcraBus (24) B (22), moxyunm:
f(X)—f(X—1)=
n
— >y 25
=Z"i‘z <[ -5 ,)- (25)
=1 *i=0
n 1. Sk N n 1. -1 N _ 1, |2Nki|p .
Tak kak Y- k; — z—NJ 2N = |Zi:1 kilz,\, u [Pty 2V =k = — - ToamiBeex i =1,n
¢dopmyina (25) npumer BUI:
12V, |
0= fOX=1) = +y 6)
N x;=0 t

Tak kak |Z{‘=1k_i|2,\, >0, To u3 (26) cnenyer, uro f(X)- f(X —1) > 0, u, cinemnoBarenbHO,
¢byukims f(X) crporo Bozpacraer. Teopema nokasaHa.

U3 Teopemsl 1 crnemyer, 9to BBeAEHHAs! GYHKIMS SIBISIETCS CTPOTO MOHOTOHHOM, CIIEIOBATEIBHO,
€e MOYKHO HCITONIB30BaTh B KAYEeCTBE MO3UIIMOHHOM XapakTepucTuku st cpaBHeHns uncen B COK.
IpeIoKEHHBI  MMOAXOJ] TI03BOJISET YMEHBLINTh BBIYMCIUTENBHYIO CIOXKHOCTh AITOPUTMa
cpasrenus uncen B COK. DbdexrrBHas anmapaTHas peanusaius onepamun |x - y|,n mossomser
YMEHBILUUTD JIOTUYECKYIO CXEMY IIPU alnapaTHOW pealu3allid IO CPAaBHEHUIO C KIACCHYECKUM
YMHOXXEHHEM JIBYX YUCEI X * ).

6.2 CpaBHeHue uyncen B COK, ecnu oguH m3 moaynen paBeH cCTeneHu
OBOMWKMN

Tax xax Moxynu COK sBISIOTCS B3aMMHO IPOCTBIMH YHCIIAMH, CJIEIOBATENIBHO, YETHBIH MOIYIIb
TOJNBKO OAWH. 3HAUUT, 63 MoTepy OOIIHOCTH OyaeM CUUTaTh, YTO A-bI MOIYIb UMEET BUJ P, =
2t. Tak xak p, = 2%, To ncnons3ys ceoiicteo COK, uncna X,Y MoryT OBbITH MpejCTaBJIEHb B
CIIEyIOIIeM BHJIE:

— .ot — .t
n’ n-
X=A-20+x,Y=B-2t+y, 27)

Jl1st cpaBHeHns uncen cpaBHUM A u B. Ecmn A< B, To X < Y. B ciiyuae, korma A = B, X <Y npu
YCJIOBHH, YTO Xy < Vp.

Taxk xak n-b1it Mogys COK 4eTHBIH, Cl1e10BaTeIbHO, MOTYIIH Pq, Py, -+, Pp—1 SABISIOTCS HEYETHBIMHU
qucnamy, Torga P, - HedetHoe uncio. Koaddunuents: A u B ynosnerBopsioT HepaBecTBaM: 0 <
A < P, u0 < B < P,. Beruucnus 3Hauenust A u B 8 COK no Mmoaynsm py, py, ..., Pn—1, Mbl MOXKEM
CPaBHHUTH HX, HCIOJIB3Ys BBeeHYO QyHKIHIO [ (X).

Takum 00pa3oMm, adropuT™ cpaBHeHHe yrcena X u Y OyIer UMeTh BUI:

Ajroput™. Anroput™ cpaBHeHus uucen X u Y.

RNS
Input: X — (xq,%5, ..., %X3),
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RNS

Y — V1, Y2, ¥n)s
P1,P2s - Pn-1,Pnr
I =

mia ecex i=1,n—-1,
Pn

pi
Z[ZN'll/PL-*lpi/piJ mna Bcex i=1,n—1, tme N =[log,(—n+nP,)| u P/ =P,/p; nns
Bcex i=1,n—-1.
Output: X >Y-'10", X<VY-'01’, X=Y - ‘00’.
1. For i=1 to n—1 do:

1.1. @ =|x;—xplp,; \\Parallel processing
1.2. bi=|y;—ynlp,; \\Parallel processing
2. For i=1 to n—1 do:
2.1. a;=|a;-Ljlp;; \\ Parallel processing
2.2. b;=b;"Ljlp,; \\Parallel processing
3. 5,=0; Sp=0;

4. For i:==1 to n—1 do:
4.1, Sy =Sp+k

4.2. Sp=|Sp+k b,y

5 IF S, > Sz then return ‘10’

6 IF S, < Sz then return ‘01’

7 IF a, >b, then return ‘10’

8 IF a, <b, then return ‘01’

9. return ‘01’

End.

KonunuectBo oneparuii, HeOOXOJUMBIX ISl TOJYYEHHs pe3ysibTaTa y JaHHOTO alIrOpUTMa paBHO:
YMHOKEHUH —41, BBIUUTAHUH — 27, CTOKEHUH — 1.

B Tabmune 1 mpeactaBieHbl CBOWCTBa METOJOB BBIYMCICHHS MO3HIMOHHON XapaKTEPHCTHKH.
[IpennoxeHHbIi METO MO3BOJISIET YMEHBUIUTh pa3Mep ONEepaH/OB M0 CPABHEHUIO C aJITOPUTMAMU
u3 pabot (Chervyakov et al., 2017[17], Van, 1985 [23]).

Taéba. 1. Ceoticmea anzopummos cpagHenus yuce
Table 1. Properties of number comparison methods

KoaunuecTo Bun
Mertox [ onepanuii *x’ Pazmep mMoays voayas
KTO (Omondi, 2007) 4n [n - log; py] p
. [((n—-1)
naronanbHas ¢pyuknus (Pirlo, 1993 2n S
a ysians ( ) -log; py +log, n| ¢
-1
OTICC (Isupov, 2016) n L . [logs Py pi
TTpubnmKeHHBIH METOI,
p (Van. 1985) n 2n [log,(Pn)] 2N
’ = IPl; =
TIpubnmxeHHbI MeTON, N
(Chervyakov, 2017) 1 2n floga(PP)] 2
Ham meton 2n [log,(—n +n - P)] 2N
TIpuOaMKEeHHBINA METOI,
P (Van. 1985) n 2n [log,(Pn)] — 1 2N
— P,
TIpuGIMKeHHbINH METO,
I(,Chervyakov 2017) =0 2n [log>(Pp)] — 1 2
Ham metoz in [logo(=n+n - By)] 2
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8. 3aknrwyeHue

B crartbe paccMOTpeHBI METO/IBI CpaBHEHHS Uncen, npeacTaBieHHsX B COK, 4To 0cOOSHHO BaXKHO
B 3a71a4ax HU(PPOBOI 00paOOTKH CUTHAJIOB.

W3 Tabnm. 1 BHAHO, YTO caMbIM OBICTPBIM SBISIETCS HPEMTONKEHHBIH MOAUMDUIIMPOBAHHBIA
MPUONMKEHHBIH MeToA. XYMl pe3ybTar IoKasan aaroputM, ocHoBanHbid Ha OIICC.

OcraBiivecs MEeTOAbI IOKa3alu CXO0KHE Pe3yJIbTaThl U UX IPUMEHEHUE 3aBUCUT HEMOCPECTBEHHO
oT pemraeMoi 3amauu. JlparoHanpHas (yHKIMS TpeOyeT HaXOXJIECHHUsS OCTaTKa IO MEHbIIEMY
MOJAYII0, OJHAKO B CIydae paBEHCTBA 3HAYEHUH AUMArOHANbHBIX (YHKIUHA Tpebyercs
JIOTIOJHUTENLHOE YTOYHEHHUE, YTO 3aHUMAET JONOJHUTEILHOE BPEMSL.
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